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1 Introduction

The following integral
"arctan Vx2+2 dx _ 5r
0 Vvi2iia x*+1 96
is called the Ahmed’s integral, which became famous since it is first discovered by Ahmed in [AhmO02]. Here, we
present a formula which generalizes this integral to the considerable extent.

(1.

We introduce the three-parameter function A(p, g, r) defined by the following integral representation.
arctan g 4/p2x2 + 1 dx
g2+ 1 P+ Dp 41

In view of @]), it is of no harm to call it as the (generalized) Ahmed’s integral of parameter p, g, r. Indeed, we
retrieve the original Ahmed’s integral with the choice of parameters as (p,q,7) = (1/ V2, V2, 1).

A(p,q,r) .= pgr fo (1.2)

In spite of the bizarre and asymmetric formulation in @I} however, it turns out that the role of p, g and r are
nearly symmetric. To make this claim precise, we introduce the following modified Ahmed’s integral

A(p,q,r) = A(p, g, r) + arctan (rw/p2 + l)arctan[ \/]Zq_] (1.3)
g*+1

We will check that A( P, q,r) remains invariant under the cyclic change of variable (p, g, r) — (g, r, p) — (1, p, q).
This will be a direct consequence of our main theorem.

Let us returning to the problem of generalizing the result (I.I). To present our results, we first introduce
some notations. For each triple of parameters p, g, r > 0, we define the complementary parameters as

p=@+ DV g=r+DY?p, F=p*+ DY, and k= pgr.

We fix these notations throughout this article. In other words, p, g, 7 and k are considered as functions of p, g
and r. Then our main theorem deals with an integral representation formula of the modified Ahmed’s integral.

Theorem 1.1. For each p,q,r > 0 satisfying pqr < 1, the following integral representation holds.

1 1 ~2 2 1 ~2 2 1 ~2.2
g( + p*x + §°x + Px dx. (1.4)
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where y(z) denotes the Legendre chi function defined by

2n+1

7
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2 Preliminary

As a preliminary, we review some background knowledge that will be used throughout the proof. Recall that the
following generalized binomial series holds for any @ € C

o0 a\ .
(1+2) = Z( _)ZJ, 2l < 1, 2.1)
—\J
J
where the symbol ("]’) denotes the generalized binomial coefficient
(a) _al@=1)---(a—-j+1)
J J! ’
Exploiting (2-1)), we can check that basic identities for the binomial coefficients remain valid for this generalized
one. Those include the Pascal’s identity and the Vandermonde’s convolution formula.

j=o0.

With @ = n € {0,1,2,---}, this reduces to the classical result of the binomial theorem. Of course, each
summand vanishes for j > n in this case. Nevertheless we write it as an infinite series. This is convenient
particularly when interchanging the order of summation since we need not make some cumbersome conversion
of the range of summation.

Now let @ = —n — 1 for an integer n. By applying some elementary manipulation, we notice that the series
expansion of (1 +z)~!~" can also be written as

1 = ) A
(1+ )l = Z(_I)J(n j ])Z’, lz| < 1. (2.2)
7=0

If n = 0, this reduces to the classical formula for the geometric series.

3 Proof of the main theorem

Our strategy toward the main theorem is quite simple; we identify the Taylor series of the modified Ahmed’s
integral and then evaluate it. To be specific, we first calculate the Taylor expansion of A(p, ¢, r) and the remaining
arctangent term, respectively. Then we merge the Taylor coefficients of these two functions. To this end, we
temporarily restrict the range of parameters to 0 < p, g, r < 1 throughout this section.

Series expansion of the Ahmed’s integral Utilizing the Taylor series of the arctangent to the integrand,

A(p,q,r) = kjo‘ (Z(—l)méz'"xzm]( %qz}’(lﬂx2 + 1)’ | dx
m= b=0

0
— N (_1)m+b~2m 2b ! 2m N b 2j.,2j
—kzz 2b+1q q Ox ij’xj dx

J=0

i (=1ym+b (b)glzm P,
m=0 b=0 j=0 @Cm+2j+ Db+ D\j

Now expanding §*" = p*"(1 + r?)" using the binomial series (2.1)), we notice that

NV VN (=1)m+b b\(m\ sp42; 2b 2c
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We make the change of variable a = m + j, or equivalently, m = a — j. Then interchanging the order of summation

between j and a, we obtain
i (=D (b\la - j g e
. QRa+ Db+ D\ ¢

A(p,q,r)=kbi;i

=U ¢c=
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To simplify this coefficient further, we adopt the generating function method. That is, we consider the following
power series

00

o0 (_1)a+b+j b a—j . _ ( l)b - ] i
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Exploiting (2.2) it follows that

S Qa+ Db+ DN ¢ YT a2+ 1)( x) (1 + 0!
(=1)P*e x¢

T Qa+ Db+ )+ x)e
Comparing the coefficients of the both sides, it follows that

a (_1)a+b+j b . i(d—b ifa>c
—( )(“ f) =J@a+ Db+ D\a-c) = (3.1)
— QRa+1D)2b+ D\ ¢ )
0, otherwise.

Series expansion of the arctangent term Now we apply the similar technique to the following arctangent
term

arctan p arctan(k/p) = arctan (r Vp? + 1) arctan( P9 ) .

VgE+1

In this case, the calculation turns out to be much easier.

_ _ (=1 =D* p*g*
arctan p arctan(k/p) = [ ) [ P )
i 22a+1(q 2+ 1)
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Thus with the change of variable b = a + [ + j,

© o o [b-a _1b+c+l b—1-1
arctan j arctan(k/p) = k Z Z Z {Z (Za(-l-lim(b . l)(;) pHghr,




where the sum Z is considered zero whenever b < a. Now applying the generating function method as in
(3:T) shows that

b-a +c+ i c-a i
(=D (b_l_l)( ): (2a+1)(2c+1)(b—a)’ ith=a (3.2)
— QRa+1DQRc+D\b-—a-I\I )
0, otherwise.

3.1 Series expansion of the modified Ahmed’s integral

In order to identify the coefficients d, ;. in the series expansion of A(p, g, )

A(p,q.r) = i i i PRt 21 20k

a=0 b=0 ¢=0

we have to combine (3-1) and (3.2). (Here, we remark that A(p, ¢, r) is an odd function with respect to both p, g
and r. Thus the above expansion makes sense.) Let us introduce the discrete step function

1, n>0
H[n] = {
0, n<0,
With aid of this function, we can simply combine (3.1I)) and (3.2)) to obtain
(-D**H[a - clfa—-b . (-D)*“H[b—-a][c—a
QRa+D2b+D\a-c] Qa+1DQ2c+D\b-a)

The following result shows that this seemingly asymmetric formula yields a perfectly symmetric one.

da,b,c = (3.3)

Lemma 3.1. Suppose that a,b,c > 0 and that d, . is the coefficient of p**'¢q***1r>**1 in the series expansion

of A(p,q,1). Also let @ < B <y be a reordering of a, b, c. Then d,;,. # 0 only if (o, 8,7) = (a,b,c) or (b, c,a) or
(c,a,b), and in this case we have
2
Qo+ 1)%’
(=D
QRa+1D)2y+1)

a=p=y
da,b,c = (34)

—a )
Y ), otherwise.
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Proof of Lemma. The proof adopts the divide and conquer method.

e Case 1. a = b = ¢, then (3.3) readily reduces to
2

dpgag = ——-.
CHET 2a+ 1)?

e Case 2. Assumea < b < cora < b < c. Inany cases, we have c > a and b > a. Thus we can put
(@,B,7) = (a, b, c) and hence

“CT Qa+ D2e+ D\b-a) ~ Qa+ D2y + 1) .

e Case 3. Assume b < c <aorb < c < a. Inany cases, we have a > b and a > c¢. Thus we can put
(@,B,y) = (b,c,a) and

p L(”)L(VQ)
W @b+ DQa+ D\a—c)  Qa+ D2y + H\y -8/

Thus (3:4) follows from the fact that (;:g) = (;:Z)



e Case 4. Assume c <a < borc <a < b. Then we can put (a,8,y) = (c,a,b) and

J GV ﬂ YN, DF (a-p

“eT 2B+ D2y + 1) T o+ DB+ D\y -5
Here, we remark that (3.4) immediately follows if @ = ﬂ or 8 =7y. So we may assume « < 8 < vy further.
Using the identity (7) =(-1)/ ("*jfl), this reduces to

(=1r y-—a-—1 y-—a-1
Ga+ DB+ D2y + 1) (2‘”1)( f-a )”27”)( y-8 )}
To simplify the parenthesised terms, we use the identity k(‘ ) oz((,: 11)

(2a+1)(7;f; )+(2y+1)(7;‘_”;1)

_ Y ma- - y—a-1 y-—a-1

s e RS (e BT (g iy |
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- 28+ 1)(ﬂ B “).
—a
This proves (3.4).

e Case 5. Assume b < a < ¢. Then (3.3) vanishes trivially.

da,b,c =

e Case 6. Assume c < b <a. Then0<a—-b < a-cand ( ) 0. Thus (3.3) vanishes also in this case.
e Case7. Assumea <c<b. ThenO<c—-a<b—-aand (,‘7:‘;) = 0. Thus (3.3) vanishes also in this case.
Therefore, combining all these cases proves the lemma. O

The lemma then says that, upon rewriting the indices as (@,,y) = (n,n + l,n + m) with m,n > 0 and
0 < [ < m, the Taylor series of A(p, g, r) is given by

2n+1 m
(=D M\ on+1, 21 2 202 20 2
A , 2 k21 m m my
(P.g.1) = Z(2n+1)2 ZZZ(2n+1)(2n+2m+l)(1) (P + g7+ rpT)

n=0 m=1 =0

Now applying the binomial theorem and simplifying further,

» 0o oo -1 "
A(P, q, r) = 2X2(k) + Z Z s 1)22,1)_’_ S 1)an+l(l-52m " qzm + r )

1w 1
= 2X2(k) + 5 Z ( ) sz’lJrl("’zm + 512”’1 + r2m)f Zn(l 2m) dx
n=0 m=1

sl 1 ~2 2 1 ~2 2 1 ~2 .2
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0 1+p> 1+3 1+7

[ 1+ 522 1+ 1+7Px2
= 2 (k) + = 1 : : d
(k) 2[0 1 K222 Og( 1+ 52 1+ 1+72) *

as desired, proving Theorem[I.T|for 0 < p, g, r < 1. Now the general result follows from the principle of analytic
continuation.




4 Properties of the Ahmed’s integral

In this section we consider various properties that are satisfied by the generalized Ahmed’s integrals.

4.1 Consequences of the main theorem

Here we want to discuss some consequences of our main theorem. Our first concern is that (T.4) works only
for k < 1 since both y»(k) and the integral term has logarithmic singularity at k = 1. But it is evident from the
left-hand side of (T.4) that this is indeed an artifact: they must cancel out each other. So we want to modify (T.4)
so that the resulting identity works for any p, g, r > 0. To this end, we exploit the following surprising identity
) P ™+ log 2 artanh
— = — +logzartanh z.

X2 1+z X2(Z 3 gz z

Thus together with the following another unexpected observation

< 11N2 PYIAY =112
1+(p{k) y 1+(q{k) y 1+(r{k) _ i’ 4.1
1+ 1+ 1+ K

we immediately obtain the following corollary.

Corollary 4.1. For each p, q,r > 0, the following integral representation holds.

_ n k=1\ &k (' 1 s 1+p22 1+ 1+ P2
A(p’q’r):Z+2X2(k+1)+§f0 mlog(k X l+l~72 X 1+Z]2 X 1172 dx. “4.2)

Now we want to simply this further. The result (#.2)) shows that it is of the key importance to resolve the

following integral
k (! 1 1+ p?x?
F(k,p) = = 1 dt.
(k-p) 2f0 - k22 Og( L+ 2 )

To this end, we temporarily assume k < 1 and use the technique of differentiation under integration. Indeed, it is
clear that F'(k,0) = 0. Then simple calculation using partial fractional decomposition shows that

9 (1 —k*)partanhk  karctan p
——F(k p) = N2+ 2y a2
op (I+p)k>+p*) K +p
Integrating with respect to p, it follows that the former term reduces to a nice function

1+ (p/k)z) ~ f” karctan ¢
0

1
F(k,p) = 3 artanh(k) log(

Y ey
Thus the problem reduces to that of investigating the properties of the following integral
Flk, p) = fo ’ —k;riigt dt. 4.3)
We first make a brief remark. In view of our remarkable identity @.I), the identity (.2)) now reduces to
- o k-1 I . o
Alp.q.1) = 1 + 20 (m) — F(k,p) - F(k,q) = F(k, 7). 4.4

Each term involved in this formula now defines analytic function near the domain {(p, g, r) € C3 : p,q,r > O}.
Thus we can expect a better behavior compared to (T.4) or @.2). Indeed, applying integration by parts, we find
that F(k, p) satisfies the following formula

F(k, p) = arctan(p) arctan (%) - F (%, ‘%) 4.5)



In particular, if we plug k = 1 then it immediately follows that F(1, p) = § arctan? p. Thus by @4), we obtain
2
1
A(p,q,r) = % ) {arctan2 p + arctan’ § + arctan’ ?} — arctan p arctan(1/p).

Then utilizing the simple property arctan(1/p) = 5 — arctan p, we can simply this further and hence obtain the
following corollary.

Corollary 4.2. For any p, q,r > 0 satisfying pgr = 1, the following identity holds

| 1
A(p,q,r) = % + 3 {arctan2 (:) - arctanz(i]) - arctanz(?)} . 4.6)
P

4.2 Inversion of parameters and special values at infinity

Let us consider the following involution
111
(p,q,r) = (—, -, —)-
q pr
Under this special change of variables, we easily check that

~ r ~ q -
por=—-, gotrt=-—, FoT=

k k
Plugging this relation to (4.3), we have
F(k, p) + F(k o 7,7 o T) = arctan(p) arctan(F o T),
F(k,§) + F(k o 7, o T) = arctan(§) arctan(g o 1),
F(k,7) + F(k o1, p o T) = arctan(¥) arctan(p o 7).

Plugging this to A + A o 7 and utilizing #4), we obtain

2
A+Aor= % — arctan(p) arctan(7 o 7) — arctan(g) arctan(g o T) — arctan(#) arctan(p o 7).

This shows that A is invariant under the involution 7 up to elementary functions. Simplifying further, we obtain
the following proposition.

Proposition 4.3. The following identity holds.

A(p,g,r) +(AoT)(p,q,1) = T {arctan (%) + arctan( - ! )} — arctan(g) arctan(g o 7). “@.7
2 p port

The identity itself gives special values of A for values (p, g, r) satisfying (p, q,r) = 7(p, g, r). This is
equivalent to pg = 1 and r = 1. Then k = 1 and we easily check that both Corollary #.2]and Proposition [d.3] give
the same result. Thus the idea of using this proposition to obtain a special value ends up with no fruitful result,
except when A o 7 vanishes. This happens when one of the parameters goes to infinity. Indeed, if one onf p, g or

r tends to infinity, we have A o T — 0. Thus
r2+1
+ arctan r — arctan

A(c0,q.7) = g
qr

1
arctan | ——
{ (r\/qz + 1)

A(p,o0,1) = g arctan(L),

Vel

A(p,q, ) = g arctang.

This completes the calculation of A(p, g, r) when k = co.



4.3 Application to the Coxeter’s integrals

In this section we consider another special family of integrals called the Coxeter’s integral. This integral is
originated from the problem posed by Prof. Coxeter in [Cox88].

Theorem 4.4. Suppose that a > |b| and that acos 6 + b > 0 for 6 € (0, ). Then we have
@ / 6+1 -b 1- b
f arctan coso+ do =2A \/a . cosa \/ \/a * 4.8)
0 acos@+b 2 acosa+b’ Na+b’

Proof of Theorem. We make use of the simple change of variable 6 — 26 to obtain

d [ cos6+1 2cos?(6/2
f arctan Losv+ do = f” arctan cos( ./ 2) deo
0 acosf+b 0 a+b—2asin“(0/2)

9
=2 f arctan( cos ) do.
0 V(a + b)/2 - asin’ 6

This shows that it suffices to consider the integral of the form

¢ 6
I(p,q,$) = f arctan (L] do,
0 pNg* —sin’ 6

where parameters satisfy p > 0, ¢ € [0, 7] and sin¢ < g < 1. With this notation we readily identify that

farctan cosf+ 1 40 = 21 a+b «a
N acosé+b V 24 72

Then the substitution sin 6 +— ¢ sin 6 together with ¢ = arcsin(sin ¢/q) yields

.. 6) f‘ﬁ . V1 —¢*sin’0 gcosf "
p.q.¢) = | arctan .
0 pqcos6 V1 e sin2 @

Applying the substitution tan @ > t tan @, this further simplifies
| = -
1 +72(1 — ¢?) tan? tan ¢ dt
I(P,CIJP):I arctan[\/ (I-g")tan ¢]( 4 ~) a112¢ -
0 pq V1+2(1-¢g*)tan2p) 1 +1°tan" ¢
Then by comparison with the definition (T.2)), it follows that

L1
I(p,q,®) ZA(wH —qztan(b,p—q, \/16]—2]
-9

Therefore, after some simple algebraic manipulations, we obtain the desired result. O

Now let’s consider the following special cases of the Coxeter’s integrals:
cosf )

z cos @
I, =f arccos(—) do, f arccos
0 1+2cos6 0 1+200s9

H 1
I; = fz arccos| ——— | d6, f arccos 0,
1 +2cosé 0 +200s0
f ( —cos 9)
arccos
0

I fcos“(1/3) 1 —-cos6 40
r —
R A Ao 3 cos 0 ’ 2cosf

z cos @ cos @
I; = arccos 4/ ———— do, arccos do
0 1+2cos6 0 1+2cosf



By the half-angle formula for the cosine, for |A| < 1,

[A+1 [1-A
A=2 = 2arct —_—
arccos arccos > arctan 7 A

Applying this to reduce the arc-cosine integrand to the corresponding arctangent integrand, we find that

cosf cosf + 1 l-cosa 1
9 =2 tan | ————df = 4A| \| ——— V2
farccos 1+2c059 f arctan 3cosO+1 ( 3cosa+1’ \/_ }

This allows us to write /; and I, in terms of the Ahmed’s integral. Likewise,

cosd —cosa
farccos(1+zcose) —Zfarctanﬂ osH-i—lde T — 4A(,/ oo \/_1]

for I3 and I,

jwarccos1 cos 0 do = Zf arctan wd@Zﬂd—“A M,l,L
0 2cosf cosf+1 3cosa—1 V2

for Is and I, and finally

0 0+1
f arccos 4 ———— cos f arctan [ ———— s+ L do =24 ‘/ _cosa , V2,1
2c0s9+1

for I7 and I3. Applying these identities shows that all of I; to Is, except for I, reduce either to the case k = 1 or
to the case k = 0. So we obtain the closed form for them.

Now we have only one remaining case I, which is also directly related to the original Coxeter’s integral in
[Cox88l].
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