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Abstract

This paper expands on our previous research about the Roman factorial by investigating factorials
of higher orders, starting with the double factorial. We explore an extension of the double factorial to
negative integers, resulting in both recursive and non-recursive piece-wise definitions. We then unify them
into universal representations using a set of Boolean-like functions called foundational functions through
the generalization process. Our methodology is further applied to the triple factorial and factorials of higher
orders, aiming to create a unified framework for understanding several variations of the factorial.

1 Preface

1.1 Introduction

This paper is a continuation of the previous work
titled Universal Definitions of the Roman Facto-
rial: Introduction to Foundational Functions and the
Generalization Process [1]. Tt is second of a five-part
series exploring the factorial function and its various
extensions, as briefly introduced in Part 1.

1.2 Useful information

For those reading this document online, please
note that all references to equations, figures, tables,
and sections are hyperlinked. This feature enables
instant navigation to the cited content without the
need to memorize anything. The phrase "Part 1"
consistently links to the previous paper, wherever it
appears in this document.

Below is a short list of terms and concepts helpful
for understanding this paper:

e Factorial: A mathematical function applied to
natural numbers, defined as the product of all
positive integers up to a given number.

e Double factorial: A variant of the factorial,
multiplying every second integer from n down
to 1 or 2, depending on whether n is odd or
even.

e Multifactorial: A generalization of the double
factorial, where the product is taken over every
m-th positive integer up to n.

e Roman factorial: An extension of the factorial
to negative integers.

e Roman factorial of order m: A further general-
ization of the Roman factorial to higher orders.

e Omnifactorial: An extension of the multifacto-
rial that applies to negative integers as well.

e Piece-wise definition: A method of defining a
function by partitioning its domain into distinct
intervals, each governed by a specific formula or
rule. Also: closed form.

e Universal definition: A single mathematical
expression that uniformly applies to all input
ranges. Also: unified, global.

e Generalization process: The method of inte-
grating Foundational Functions (F.F.) into the
piece-wise definitions of a function to consoli-
date them into a single expression.

The abbreviations used throughout this paper are
outlined below:

e F.F.: Foundational functions, a series of simple
Boolean-like functions that are built upon each
other and usually have binary outputs (0 or 1).

e Fq.: An equation or a relationship.

e Tbhl.: A mathematical table that is useful for
presenting information in a clear and concise
way.

e Fig.: A figure or a diagram, that here will often
depict the behavior of a function in a domain
close to 0.

The remainder of this preface introduces a new
notation system for various factorial extensions and
provides a summary of Part 1. If any unfamiliar
terms or abbreviations arise, you may refer back to
this section for clarification.


https://arxiv.org/abs/2403.09581
https://arxiv.org/abs/2403.09581
https://arxiv.org/abs/2403.09581

2 UNIVERSAL DEFINITIONS OF THE ROMAN FACTORIAL

1.3 Notation

In this study, we examine several variations of the
factorial. In Part 1, we introduced the Roman fac-
torial [2], an extension of the traditional factorial
to negative integers, and provided definitions both
recursive and non-recursive.

Each of the five parts of this study further develops
the concept of the factorial, necessitating precise no-
tation to distinguish between these related concepts.
In this section, we propose a framework that encom-
passes all relevant factorial variations discussed in
this paper.

The notation system includes three basic expres-
sions to describe a factorial, even though a single
expression could technically suffice to characterize
even the most generalized version.

For the Roman factorial, we suggest the following
notation:

e As the commonly known factorial for n € ZS‘ ,
we define "n!(;)" (termed traditional factorial).
It is alternatively written as "n!" within this
study and can simply be referred to as the fac-
torial to preserve its original definition [3].

e As the expansion of the traditional factorial to
n € 7 that is described by its original for-
mulation by Steven Roman, we define "|n|!;"
(termed Roman factorial of order 1, or Roman
factorial). It is also written as "|n|!" within this
study, which is how it was initially presented.

e As the expansion of the traditional factorial to
n € Z that is described by other definitions (for
instance, as a falling product), we define the
expression "n!y" (termed factorial of order 1).

Note that the last two expressions represent the
same concept, although defined in different ways.
For instance, n!; may be defined as a [[-product,
while [n]!y refers to a specific formulation. Both
yield identical results within the same domain.

Sections 2 to 4 address another factorial variation.
For the double factorial, we propose:

e Asthe commonly known double factorial for n €
Zg , we define the expression "n!(3)" (termed
double factorial). It is alternatively written as
"n!!" within this study for simplicity, which is
also its original notation [4].

e As the expansion of the double factorial to
n € Z, we define the expression "nly" (termed
factorial of order 2). The difference between it
and the double factorial is that it includes the
domain of negative integers.

e As the factorial of order 2 described by a formu-
lation similar to the Roman factorial, we define
the expression "|n]ls" (termed Roman factorial
of order 2).

Finally, we extend these notations to describe the
multifactorial and its extension to negative integers.
We propose the following definitions:

e As the commonly known multifactorial for n €
Z{§, we define the expression "nl(,,)" (termed
multifactorial).

o As the expansion of the multifactorial ton € Z,
we define "nl,," (termed factorial of order m).
It is also called the omnifactorial within this
study.

o As the factorial of order m described by a formu-
lation similar to the Roman factorial, we define
[n]!m" (termed Roman factorial of order m).

The table below summarizes these notations for
clarity:

Symbol Name Set
nlqy, n! traditional factorial Z
nly factorial of order 1 Z
[n]!1, |n]! Roman factorial Z
nley, n!! double factorial Zar
nly factorial of order 2 Z
[n]l2 Roman factorial of order 2~ Z

1! (m) multifactorial Z
nln omnifactorial 7
[n]'m Roman factorial of order m  Z

Thl. 1.3.1: Notation about the factorial variations

The factorial of order m is alternatively called
omnifactorial, a new term presented in this paper.
Technically, it refers to the most generalized version
of the factorial examined in this study, but it is cur-
rently defined only for integers. Its domain will be
expanded accordingly for each of the three papers
that follow this one.

This system of notation is crucial as we will fre-
quently encounter mixed expressions. For instance,
the Roman factorial of order 2 includes the double
factorial in its piece-wise definition, as detailed in
Subsection 3.4. This notation might change slightly
as the subsequent papers are written in the future.

In Part 1, there was no need to establish this no-
tation, since we didn’t examine factorials of higher
orders. So, the factorial of order 1 as defined here
coincides with the Roman factorial, and the latter
symbolism is preserved for that paper only. Ref-
erences to definitions from Part 1 are written here
using nly .

The next page is a summary of Part 1 and it con-
tains everything that is relevant from the previous
paper of this study.
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1.4 Part 1 Summary
In summary, in Part 1:

e Section 2: We analyzed the traditional factorial
and presented the Roman factorial.

Section 3: We introduced a set of 5 founda-
tional functions (F.F.).

e Section 4: We employed the F.F. shown in the
previous section to rewrite the Roman factorial
definition concisely, in its original formulation
as well as its recursive form.

e Section 5: We introduced another set of 5 F.F.

e Section 6: We found non-recursive [[-product
definitions to describe the values outputted by
the factorial of order 1. The expressions are
either a rising or a falling product, split into
two cases each (positive and negative integers).
Additionally, we used all F.F. to unify the cases
of these definitions, achieving universality.

In Sections 3 and 5 we defined the following foun-
dational functions:
o(n)=|n]+0.5

[+, +] (Eq. 1.4.1)

_ 0(n) B
f(n) = el [-1,1,1]  (Eq. 1.4.2)
£(n) =2 +29<”) 0,1,1  (Eq. 1.4.3)
¢(n) =2 _29(”) [1,0,0]  (Eq. 1.4.4)
n(n) = O(n)~"1-1 [+1,1,1]  (Eq. 1.4.5)
O(n) =£&(n) - &(—n) [0,1,0] (Eq. 1.4.6)
Q(n)=0(n)—0O6(n) [-1,0,1] (Eq. 1.4.7)
Q'(n)=1-0(n) [1,0,1] (Eq. 1.4.8)
U(n)=n+06(n) [n,1,n] (Eq. 1.4.9)
®(n) = T(n)* ™ n,1,1]  (Eq. 1.4.10)

1.5 Part 1 Results

In Section 4 we condensed the Roman factorial
definition. It was originally defined as follows:

n! , nELS
(_1)77171
(=n—1)!

Eq. 1.5.1
, n€ L, ( )

where the factorial is defined recursively as

nl=nn-1!, 0=1, neZ'. (Eq 1.52)

The generalized relationship is

[n]! = n(n)-(In|-& @)™, neZ, (Eq. 1.5.3)

where

Ol=1, nezZ'. (Eq 1.5.2)

n! =n(n—1)!,

Additionally, we rewrote the following doubly-
recursive definition of the Roman factorial:

nn—14 , neZ"
nh =9 (n+1), (Eq. 1.5.4)
R Z=\{-1
ez \ (-1},
where

The outcome of the generalization is as follows:

nly = (n—i—f’(n))e(n) (n—0(n))ly, nez\{0, -1},
(Eq. 1.5.6)

where
0 =1 =

Lastly, in Section 6, we constructed these defini-
tions:

(Eq. 1.5.5)

nly Rising product Falling product
n n—1
n € Zg I1* -5
k=1 k=0
—-n —n—1
_ 1 1
nez n- _— n- H p——
k=1 k=0

Thl. 1.5.1: Factorial of order 1 as a rising or falling
product

The two definitions in the above table were con-
solidated into the formulations listed below:

nly n €z

In|

®(n)- [ (k6(n)"™

k=1

Rising product

In|—1

®(n)- [] (n—k0(n)"™

k=0

Falling product

Thl. 1.5.2: Factorial of order 1 as a rising or falling
product (generalized)

In this part, we will examine the double factorial
and follow a similar procedure as before. We will
investigate an extension into negative integers, we
will find recursive as well as non-recursive piece-wise
definitions of the expanded double factorial and we
will unify their cases. This process will be repeated
for the triple factorial and in general for all factorials
of higher orders, resulting in a universal expression
that can be used to calculate any variation of the
factorial presented so far.
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2 Double factorial

2.1 Introduction

The double factorial [4], denoted as n!!, is a vari-
ation of the traditional factorial [3]. Specifically, n!!
represents the product of all the positive integers up
to n that have the same parity (odd or even) as n,
as shown below:

51=5.3.1=15,
6l =6-4-2 =48,
M=7.5-3-1=105.

Notice that depending on whether n is even or
odd, the product terminates with either 2 or 1. Ini-
tially, this property complicates the construction of
intuitive definitions for n!!, but it ultimately pro-
vides insights into how some extensions of the facto-
rial behave.

Thl. 2.1.1 presents the values of double factorials
alongside traditional factorials for comparison:

n |0 1 2 3 4 3 6 7
nl |1 1 2 6 24 120 720 5040
nl |1 1 2 3 8 15 48 105

Thl. 2.1.1: Factorials and double factorials

This variation grows more slowly than the tradi-
tional factorial, as illustrated in the figure below!.
This behavior is expected since the double factorial
involves roughly half as many factors as the corre-
sponding traditional factorial.

120

100

80

60

40

20

Fig. 2.1.1: Double Factorial

Although the double factorial has several proper-
ties that fall outside the scope of this paper, further
exploration can be found in Addendum 10.2.

1The double factorial has a continuous extension based on
the Gamma function, which was used to create Fig. 2.1.1.
Further details can be found in Addendum 10.3.

To conclude this introduction, let’s briefly explain
why 0!l = 1!l = 1 (as indicated in Thl. 2.1.1) by
recalling the approach we used to find 0! in Part 1:

l—g.p. =232 4
o 44
.2.1 |
9.1 -3
3 3
2-1 2
U=1="=7%
2 27
n=l_
==

This reasoning can be applied to the double fac-
torial, for both even and odd n. For odd n, we have:

9-7-5-3-1 9l

m=7-5.3-1= —
9 9’
7-5-3-1 7!
Bl=5.3.1=°2°2°_1
7 7
5-3-1 51
3MN=3-1= = —
5 57
. 1
m=1=21_3
3 3
Repeating this process once more gives (—1)! = 1.

Although negative double factorials are not the focus
here, this is essentially how they will be defined later.

For even n we find 0!! = 1:
8:6-4-2 8
6l'=6-4-2= —— = —
8 8’
4. "
4!!:4.2:6 4-2 _ 6 ;
6 6
4.2 4N
M=2=—"= "
4 4"’
211
n=="_n,
=0 5

This result is intuitive using this approach, but
another reason 0!l = 1 is that it represents the re-
sult of an empty product, which is inherently 1 (the
multiplicative identity)?.

Having demonstrated the behavior of the double
factorial for n € Zg, we can now proceed to define
it formally®. The remainder of this section focuses
on deriving three distinct definitions of the double
factorial: we will achieve this by starting with the
traditional factorial and applying modifications to
its established definitions.

2This paper emphasizes intuitive explanations for results
like O!! = 1!! = 1 rather than formal mathematical proofs in
this context.

3The set denoted by Za’ is the set that includes all positive
integers (Z1) and 0. In early versions of Part 1, the set Ng was
used to denote the same set. However, we avoid this notation
here for consistency. More about number sets can be found
in Addendum 10.1.
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2.2 Recursive definition

For the rest of this section, we will explore 3 defi-
nitions of n!! for n € Z$. We will begin by defining
n!l recursively, followed by establishing rising and
falling product definitions. These last two definitions
are analogous to those for the traditional factorial,
as discussed in Part 1, and will be elaborated upon
in the subsequent subsections?.

The definition examined in this subsection is fun-
damentally simple, but we will focus on the foun-
dational aspects. This approach will facilitate easier
generalizations in later sections and provide valuable
insights.

Let’s begin by exploring the recursive nature of the
double factorial through a few examples. We observe
that all terms of the product, except the first, form
another double factorial:

51=5-3-1=5-(3-1)=5-3,
61=6-4-2=6-(4-2)=6-41l,
M=7-53.1=7-(5-3-1)=7-5
81=8-6-4-2=8-(6-4-2) =8-6!!

This pattern resembles that of the traditional fac-
torial, where n! is related to (n — 1)! as follows:
nl=n(n-1)!, neZ. (Eq. 2.2.1)
From the examples above, as well as from Eq. 2.2.1
we can derive the recursive property of the double
factorial. It is as follows:
nl=nn-2)!, neZ"\{1}, (Eq. 2.2.2)
but this equation does not completely describe a re-
cursive definition, as we’ll see shortly.
Notice that Eq. 2.2.2 is undefined for the smallest
positive integer, n = 1. Evaluating this case yields:

W=1(1-2)l=1= (-1,

which currently lies outside the domain of n!!.

To be well-defined, a recursive definition requires
two components: a recursive relation and an initial
condition. For example, consider the recursive defi-
nition of the traditional factorial:

nl=nn-1!, 0=1, neZt. (Eq 1.52)

This definition relates n! with (n—1)! and specifies
0! = 1. In other words, any traditional factorial can
be calculated using the preceding factorial, terminat-
ing at the base case 0! = 1. Eq. 1.5.2 requires only
one such base case, or "seed", as its domain consists
of natural numbers and links consecutive integers.

4For more information on rising and falling products, in-
cluding their interpretation for products involving reciprocals
of integers, see Addendum 10.4.

For instance, calculating 4! using Eq. 1.5.2 pro-
ceeds as follows::

4! =4.3!
—4.

~—~
w
N
=

I
w W w

The following figure illustrates this calculation in
a straightforward manner:

1! 2! 3! 4!

Fig. 2.2.1: Traditional factorial recursiveness

This figure shows the iterative process of calculat-
ing 4!, starting with 4!, then applying the recursive
definition to find 3!, followed by 2!, 1!, and finally
0!. Once the base case 0! is reached, the process
terminates.

Using Fig. 2.2.1 and the methodical calculation
of traditional factorials described above, we see that
only one base case is needed for their recursive defi-
nition.

Returning to the double factorial, let’s perform
a similar analysis. To calculate 5!! or 4!! using its
recursive property, we proceed as follows:

51=5. 3! Al =421
=5-(3-1!) —4-(2-0!)
=5-3-1 =4-2-1
=15, =8.

Note that O!! = 1!l = 1 is required for this calcu-
lation to be valid. Setting only one of these double
factorials to 1 does not cover all cases, as illustrated
in the following figure:

21 3! 4 51
0 1 2 3 4 5

Fig. 2.2.2: Double factorial recursiveness

Thus, two seeds are needed for Eq. 2.2.2 to func-
tion correctly. We select the smallest non-negative
integers, resulting in the following expression:

neZt\{1}.
(Eq. 2.2.3)
Eq. 2.2.3 is the recursive definition of the double
factorial. In the next subsection, we will explore
non-recursive definitions in the form of [[-products.

all=nn—2)11, Ol=11=1,
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2.3 Falling product definition

To derive the falling product definition of the dou-
ble factorial, we seek a product expression with spe-
cific upper and lower limits and a formula for the
multiplicand k.

We will begin by referencing the analogous defini-
tion of the traditional factorial to guide our process.
Next, we will derive the expression for k and deter-
mine the number of factors in n!!.

Recall that a falling product has terms that pro-
gressively decrease, as detailed in Addendum 10.4.
In Part 1, the falling product definition for the tra-
ditional factorial was established as follows:

n—1
n! = H(n—k), neZ".
k=0

(Eq. 2.3.1)

For example, the calculation of 5! is demonstrated
below:
4
sl=][(-k) =5-4-3-2-1=120.
k=0

In this case, the lower limit of the product is k = 0,
ensuring that the factor n is included in n!. The
product consists of n terms (starting from k& = 0),
which justifies the upper limit of n — 1.

Given that the double factorial inherently has half
the number of factors as the regular factorial, our
initial hypothesis is that n!! contains § terms. If we
assume k starts from k = 0 again, the upper limit
would be 3 — 1.

Additionally, note that the terms of n!! in a falling
product decrease by 2 at each step. This can be
expressed using the product of terms (n — 2k).

Based on these observations, we intuitively pro-
pose the following definition:

5-1
n!l = H(n—?k), nezr.
k=0

(Eq. 2.3.2)

However, this definition is flawed. Although it is
valid for even n, the upper limit is not an integer for
odd n, which makes the product undefined in such
cases.

To correct this, we need to analyze the number of
factors in odd double factorials. Let’s first consider
examples for even n!!:

211=2 — 1 term
MN=4.2 — 2 terms
6!!=6-4-2 — 3 terms
8NN'=8-6-4-2 — 4 terms
nll=n(n—2)(n—4)--- —>g terms.

Clearly, n!! indeed has 4 terms when n is even. In
other words, the product of all even integers up to n
consists of § factors.

Now let’s examine odd n!!:

m=1 — 1 term
3MN=3-1 — 2 terms
5l=5-3-1 — 3 terms
m=7.-5-3-1 — 4 terms
nll=n(n—-2)(n—4)--- n terms.

For odd n, the product of all odd integers up to
n contains ”;1 terms. This fraction is always an
integer because it describes odd n, so n + 1 is even
and “H is an integer.

Let’s gather what we have just observed in a table.
So far, we have found the following conditions®:

nl! # of factors
. n
n is even 5
n+1
n is odd >

Thl. 2.3.1: Number of factors in n!!

We now seek a mathematical expression that cov-
ers both cases. There are more than one approaches
to this problem, as will be briefly mentioned later in
Subsection 3.4.

Here we will proceed with the ceiling function®,
or "rounding up". Notice that the quantity 3 is a
half-integer for odd n, and it is made an integer by
adding % to it. Effectively, this is rounding up to the
next bigger integer.

When n is even, the ceiling function does not alter
5 in any way since it is already an integer. Thus, we
can express the number of factors in n!! as:

3-

Hence, the double factorial can be expressed as
a product with [%] terms, leading to the following
falling product definition:

(5]
n!l = H (n—2k), neZzZt.
k=0

n is even

n
2 (Eq. 2.3.3)
n+1

3 , nisodd.

(BEq. 2.3.4)

We will next develop a similar definition for a ris-
ing product.

5The hashtag symbol "#" is an abbreviation and stands
for the word "number".

SThe ceiling function rounds up to the next integer, while
the floor function rounds down. Additionally, the sawtooth
function represents the fractional part of a number, denoted
by {n}. For more details on the floor, ceiling, and sawtooth
functions, refer to Addendum 10.5.
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2.4 Rising product definition

In this subsection, we will analyze the rising prod-
uct in a way similar to our earlier discussion on the
falling product. First, let’s recall the definition of
the rising product for the traditional factorial:

n
=[]k, nez" (Eq. 2.4.1)
k=1

This is arguably the simplest [ [-product possible.
Note that its limits differ from those of the falling
product: the limits for n! go from 1 to n, whereas the
limits for the falling product range from 0 to n — 1.
This change only affects the counting of factors, not
their total number.

For example, Eq. 2.4.1 is demonstrated below:

5
5!:Hk:1~2-3-4~5:120.
k=1

Now, let’s adapt this definition to find a similar
expression for the double factorial.

We start by adjusting the upper limit of the []-
product to match the behavior of the double facto-
rial. Therefore, the upper limit should be set to [%1 ,
as determined earlier.

Additionally, we replace k& with 2k, because the
factors of the double factorial increase by 2 with each
step.

These changes give us the following definition:

H
nlt= ]2k, nez' (Eq. 2.4.2)
k=1

This definition works for even n, but fails for odd
integers. The following examples highlight this over-
sight:

H

3
6= J]2k=]]2k=24-6=148,
k=1 k=1

3]

3
5!!:H2k:H2k:2~4-6:48.
k=1

=1

It seems that for odd integers, the product should
start with 1 instead of 2. To fix this, we need to
subtract 1 from 2k, resulting in:

H
nll=J[@k-1), neZl,.  (Eq 243)
k=1

So, the rising product definition of the double fac-
torial must include a term to subtract from 2k. For
odd n this term is 1, and for even n it is 0, which
matches the previous definition in Eq. 2.4.2.

We can use modular arithmetic to express this
subtraction term”:

nmod 2 — 0 ,n%seven
1 , nisodd.

(Eq. 2.4.4)
The expression n mod 2 gives the remainder of n
when divided by 2. For instance, 3 mod 2 = 1 and
4mod 2 = 0.
By subtracting 1 from 2k, we can now evaluate 5!!
correctly:

3] 5
sit=J[ek-1)=]]@k-1)=1-3-5=15.
k=1

k=1

In conclusion, the rising product definition of the
double factorial is:

5]

nll =[] (2k —nmod2), neZ'. (Eq 24.5)
k=1

There are other ways to derive this definition with-
out using modular arithmetic, but we chose this ap-
proach because it may help us generalize to higher
orders of factorials in Section 5. Details about this
choice will be discussed in the related subsection.

2.5 Summary

In Section 2, we explored the double factorial for
positive integers and developed two [[-product defi-
nitions based on the results from the traditional fac-
torial in Part 1. These definitions are summarized
in the table below:

nl! n €7zt

3]
II (n—2k)

k=0

Falling product

Rising product

5]
H (2k —n mod 2)
k=1

Thl. 2.5.1: Double factorial expressed as a rising or
falling product for positive integers

We also established the following recursive defini-
tion for double factorials:

nM=nn-2)", M=1"=1, neZt\{1}.
(Eq. 2.2.3)
In the next section, we will look for ways to ex-
tend the double factorial to negative integers and
suggest definitions similar to those discussed here.
The concepts from Section 2 will be crucial for these
generalizations, but any aspects that are not fully

understood will be revisited as needed.

"More about modular arithmetic in Addendum 10.6.
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3 Negative double factorials

3.1 Introduction

Negative double factorials are not commonly writ-
ten about, leaving a gap in our understanding. In
this section, we will intuitively define it by extrapo-
lating from negative odd double factorials and com-
paring them to the Roman factorial.

We will start by determining values for negative
odd n!s and formulating a corresponding definition.
Next, we will address negative even double factorials
and derive a similar formula. After establishing val-
ues and definitions for all negative n!y , we will sum-
marize our findings with four distinct definitions.

The phrase "negative double factorials" does not
align well with the notation established earlier in
this paper, but in this case it is preferred compared
to "negative factorials of order 2" because it is more
concise. It is a term used only in this section.

3.2 Negative odd double factorials

Let’s start with the recursive relationship for the
double factorial, which connects n!! with (n — 2)!! as
shown here:

l=nn-2)1, oM=1=1, nezt\{1}.
(Eq. 2.2.3)

This formula helps find the values of larger n!!
when smaller values are known. However, for nega-
tive double factorials, we need a formula that works
in the opposite direction.

By replacing n with n+2 in Eq. 2.2.3 and solving
for n, we obtain a similar expression:

(n+2)!!

A = (n+2)nll = nll =
(n+2) (n+2)n n ——

, nEZ(J{.

(Eq. 3.2.1)

This formula relates n!! to (n + 2)!!, rather than

(n —2)!1. It would be useful if we ever wanted to

find a double factorial when only knowing a bigger
one. For example:

6+21 8l 8:6-4-2

6l = =
6+ 2 8 8

=6-4-2=148.

From here on forward, we will use the notation n!s
to refer to double factorials in general, and n!(s) to
replace n!!, as it’s only defined for positive integers.

We know that Eq. 3.2.1 works for non-negative
integers, and has initial values (or "seeds"): 0!(p) =
1!(2) = 1. Let’s try to see what would happen if we
tried to find (—1)!5 using it, as a test®:

(-1+2) 1y

= 1.
-1+2 1

(-1l =

8This direct manner of attempting to find negative double
factorials is not mathematically proper, because its recursive
definition does not cover this domain. Rather, it answers the

question: "What value should (—1)!2 have in order for 13 to
be found recursively?".

This method avoids the division by 0 problem we
found with the Roman factorial, where we also tried
to explore negative factorials by expanding their re-
cursive relationship. The value of (—1)!; was un-
defined due to division by 0, so all other negative
integer factorials were impossible to find since they
were directly related to (—1)!; .

However, in the case of the double factorial, (—1)!5
can be determined without any division by 0. This
provides insight into what negative odd n!s values
can be, something not naturally derivable in the tra-
ditional factorial.

Having found a value for (—1)l3, we can find
(—3)!2 and other negative odd double factorials us-
ing the same method. Here’s the recursive process
for more negative values:

(=3)l2 = (_3312;!2 = (_jl)b =-1,

o (=5+2)l . (—3)ls 1
k=" s Ty

We can now define a piece-wise expression for odd
double factorials by combining the recursive formu-
las for positive and negative n. This definition starts
with 1l = 1 and all other values are derived from
essentially the same relationship.

The piece-wise definition is:

nn—2)s , ne Zjdd \ {1}
1

n+2 ’

, n=1

nly = (Bq. 3.2.2)

nel,,-

Notice how close this definition is in comparison
to the corresponding one about the Roman factorial.
Its recursive definition, as found in Part 1, is:

nn—1)4 , neZ"
alp =41 » n={0, -1} (Eq. 1.5.4)
- 7=\ {-1}.
porn R RS G

The Roman factorial is defined for all integers,
while Eq. 3.2.2 only applies to odd numbers. We
will set aside the similarities to the Roman factorial
however, since this approach helps us build defini-
tions from scratch and avoid potential oversights.

Now, let’s compile a table showing odd double fac-
torials, including some positive values:

n‘—9 -7 -5 -3 -1 1 3 5

nlg | Y5 -5 Y3 -1 1 1 3 15

Thl. 3.2.1: Odd double factorials
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Two patterns emerge from Tbl. 3.2.1. First, neg-
ative odd double factorials have alternating signs.
Second, they are the reciprocals of positive double
factorials, with an offset. Let’s update the table to
highlight these features:

n ‘ -9 -7 -5 -3

nla ‘ /1oy (ED/51 FD/315) (=D/11,

Thbl. 3.2.2: Negative odd double factorials

To simplify, we excluded (—1)!3 from this table
because it does not fit the highlighted pattern.

Since negative odd n!ls are fractions, the simplest
definition we can form is:

f(n)

nly = 22

g(n)’
where f(n), g(n) are arbitrary functions of n which
will be found shortly.

To clarify these functions, let’s update Tbl. 3.2.2
so that their outputs are clearer:

neZ,,,\{-1}, (Eq. 3.2.3)

n -9 -7 -5 -3
nly | BFD/7) /510, (FD/315)  (=D/11
fn) | 41 -1 +1 ~1
g(n) 7l 51y 31y 1!

Thl. 3.2.3: Negative odd double factorials in terms
of f(n) and g(n)

The function g(n) is straightforward. It can be
expressed as:
g(n) = (—n—-2)g), necZy,y\{-1}. (Eq. 3.2.4)
Therefore, negative odd double factorials are de-
fined as:

f(n)

[EED I Zoga \{—1}, (Eq. 3.2.5)

77,!2 =

where

Fn) = {+1 ne{-5 -9, —13...}
-1, ne{=3, -7, -11...}.
(Eq. 3.2.6)
Next, we need to find the analytical expression
for f(n). Since n is odd, it can be written as n =
2k 4+ 1, where k € Z. We will first find f(k) and
then return to f(n). This approach will simplify
relationships moving forward, and it will be applied
again for factorials of higher orders in Section 6.
Let’s create another table showing n, k, and f(k)
for some negative odd integers:

+1 -1 +1 -1
Tbl. 3.2.4: The function f(k) in negative odd n!s

It seems that we need a formula for k that outputs
these alternating signs.
An intuitive first choice is (—1)¥, the simplest sign-
changing function. Let’s test it into the table:
k 5 4 -3 -2
flk)y |41 -1 +1 -1
(D)% | -1 +1 -1 +1

Thl. 3.2.5: The function (—1)* in negative odd n!s

It appears that (—1)* produces the opposite signs
of what we need, so we will adjust by multiplying it
by (—1), resulting in (—1)(=1)% = (=1)**%:

k -5 4 -3 -2
fk) |41 -1 +1 -1
(=D +1 -1 41 -1

Thl. 3.2.6: The function (—1)k*! in negative odd nly

Indeed, this last expression for f(k) outputs the
desired signs correctly. Therefore, we have:

f(B)= (=)' kezZ \{-1}. (Eq.3.2.7)

We have found the expression for f(k) we were
looking for, but initially we set it in terms of n. Re-
verting the exponent k + 1 back to the variable n,
we have:

n—1 n+1
k+1= 1= .
+ 2 * 2

Thus, f(n) is:

fn) = (1), ke Zp,\{-1}.

Conclusively, we have built the formula that de-

(Eq. 3.2.8)

scribes negative odd double factorials. It has the
form:
n+1
n! (=D 2 neZ,,\{-1}, (Eq 3.2.9)
1) (—n—Q)'(2 5 odd 5 g. o9.4.
where

n!(2) = n(n—2)!(2) R 0!(2) = 1!(2) =1, ne Z+\{1} .

(Bq. 2.2.3)

In the next subsection, we will determine values

for negative even double factorials and create a sim-
ilar definition that includes all integers.
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3.3 Negative even double factorials

The expression for negative odd double factorials
in Eq. 3.2.9 bears a close resemblance to the Roman
factorial:

n ez

[n]! = o1 ) (Eq. 1.5.1)

where

nl=nrn-1!, 0=1, neZt. (Eq 1.5.2)

Since negative odd double factorials resemble Ro-
man factorials, we can use this similarity to define
negative even nly. After achieving that, we will
unite the definitions for negative odd and even n!s
to a single expression, that encompasses all negative
integers.

Let’s now consider negative even double factorials.
Unlike odd nls, we cannot derive values for these
factorials through a recursive approach. Attempting
to use the positive recursion formula Eq. 3.2.1 to find

(—2)!2, results in division by 0:

Loy, (C2ED 01
—242 0 0

This problem is analogous to the undefined value
of [—1]!. The Roman factorial resolved this by set-
ting | —1]! = 1 and recursively calculating other neg-
ative factorials.

We could follow a similar approach here. In fact,
we will eventually define (—2)!s = 1 but doing this
as a first step seems arbitrary and counter-intuitive.

Instead, consider the following: the Roman facto-
rial for n € Z~ is a product of reciprocals of negative
integers. As a reminder, it is shown below?:

1 1 1 1 1 1
By = (—F) s — .=
=095 3 3 T w
Let’s make a comparison with negative odd double
factorials. As we will see in a later subsection, they
can be thought of as a similar product:

1 1 1 1 1 1
SOy = (—Q) s
=9 %5 % 5 3 537 10
Given the overlap between these two concepts, we
will aim to define negative even n!y in such a way
that it follows the same logic.
For instance, we would want (—10)!2 to be found
using this exact product:
1 1 1 1 1 1
-10)l=(-10) — — —  — — = —.
F0 =10 —5- 5 55 5 2 " 3m
Notice that the product avoids to end with /o,
because that is undefined. The logic behind it is
similar to why (—5)!; in the example above does not
terminate with the same undefined fraction.

9The left-most term cancels out with -1/5 , but it is retained
because this is how n!; was defined in Eq. 3.6.1 as a falling
product. The same logic is applied to the double factorial.

By making the assumption that negative even n!s
should follow this pattern, we can extrapolate this
logic to other values as well:

(-2) = (-2)

Thus, by following this approach of generalizing
from negative odd n!s , we end up with the following
values for negative even double factorials:

n ‘ -12 -10 -8 -6 -4 -2

nly | -1/3840 1/384 -l/ag 1/g -l/2 1

Thl. 3.3.1: Negative even double factorials

Before we proceed, we have to remark on two key
points. First, (—2)!la = 1 naturally follows from
the assumption that negative even double factorials
should behave similarly to their odd counterparts,
given that this behavior is as shown in the examples
of (=9)!5 and (—10)!5.

Secondly, the recurrence relation from Eq. 3.2.1
applies to the values in Thl. 3.3.1. For example:

C(=242) (=2 1
(k= —4+22_ ERRETE

Now, it can be expressed as a recursive definition:

2)!
nly = % , neZ \{-1, -2}, (Eq. 3.3.1)

where

Fig. 3.3.1: Negative n!ly recursiveness

Let’s now find a definition that describes negative
even nly. To start with, we notice that the defini-
tion should look similar to that of Eq. 3.2.9, since
these factorials are also fractions with alternating
signs and double factorials in the denominator.
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It will be helpful to continue as before, by con-
sidering negative even double factorials as a ratio of
two functions:

ne,

cven 3 (Eq. 3.3.3)
where f(n), g(n) are not necessarily the same func-
tions as before.

The function g(n) coincidentally, is the same as
previously. It is shown in the next table:

n -10 -8 -6 -4
nly | FD/815  (=Dfer,, (/415 (=1)/21,
fn) | +1 -1 +1 -1
g(n) 8y 6!y 41y 2!y

Thl. 3.3.2: Negative even double factorials in terms
of f(n) and g(n)

We derive again that

ne,

even *°

g(n) = (—n—2)l, (Eq. 3.3.4)

Now, we will figure out the form of f(n), or more
precisely, f(k). Let’s create another table that that
shows the values for k& where n = 2k along with a
row for f(k), which represents the alternating signs:

n -10 -8 -6 -4

k|5 -4 -3 -2
F) | 41 -1 41 -1

Tbl. 3.3.3: The function f(k) in negative even nls

Just like before, we can try using (—1)* as the
expression for the alternating signs, but we quickly
see that it outputs the opposite signs of what we
want. To fix this, we can use (—1)**! instead:

k 5 -4 -3 -2
fk)y |41 -1 41 -1
(D1 41 -1 41 -1

Tbl. 3.3.4: The function (—1)**! in negative even
double factorials

It looks like we’ve found the same expression for
f(k) as we did for the odd nls. However, in the
previous case, k represented odd numbers, while now
it stands for even numbers. If we switch back to
using n instead of k, we get:

n:2k:>k+1:%+1.

So, the formula for negative even nl, is:

(~1)2*!

—~ T nelZ:
(777,72)!(2)

even ’

nly = (Eq. 3.3.5)

where

’I’L'(g) = n(n—Q)!(Q) R O'(Q) = 1!(2) =1, ne Z+\{1} .

(Eq. 2.2.3)

Our next task is to combine the formulas for neg-

ative even and odd double factorials, which we will
do right now.

3.4 Roman-like definition

In this subsection, we will combine the two defini-
tions we have just derived into a single expression:

()T
— 2

, nE€Z, -1
(771 o 2)!(2) dd \ { }
[n]l2 = .

(-1E*

s NE Lo, -
(777, — 2)'(2)

(Eq. 3.4.1)
where

n'(z) = TL(?’L—Q)!(Q) R O'(g) = 1!(2) =1, ne Z+\{1} .
(Eq. 2.2.3)

But first, let’s simplify the domains. As discussed
later in Subsection 3.5, the recursive definition for
positive double factorials can include the case when

n = —1. With this, we can rewrite the equation as:
( 1) n+1
—-1) 2
(—’FL — 2)'(2) » € Z()dd
[n]ls = (Eq. 3.4.2)
n
(_1)5-&-1
—— , NE Ly, -
(771 — 2)'(2)

where

n'(g) = ’I’L(’I’L — 2)'(2) s 0'(2) = (—1)‘(2) =1, ne AR
(Eq. 3.4.3)

Since these resemble the Roman factorial defini-
tion, we’ll call the unified expression a "Roman-like"
definition of negative double factorials. We’ll use
the symbol [n]!2 to indicate this specific form, even
though it describes the same values as other defini-
tions we’ll encounter later, which use nls .

Now, let’s examine the cases in the above defini-
tion. They only differ in the exponent of the numer-
ator, so we’ll express it as a function of n and find
its form:

n+1 _
5 , NE Ly
f(n) = o (Eq. 3.4.4)
54’ 1 , neZy.,-

There are many ways to unite these terms. For
example, one method is to define a F.F. that outputs
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0 for odd n and % for even n. This approach would
work because Eq. 3.4.2 can be written as:

n+1 B
5 +0 , neZ,,,
n) = Eq. 3.4.5
=yt g T @y
2 +2 7n€ even *°

You can verify for yourself that the expressions
3 —{%} and 5 -©({%}) work as intended, however
this method is too specific and does not lead to a
simple expression going forward.

Instead, we can use the ceiling function. Notice
that "7“ is an integer for odd n and half-integer for
even n. Adding 3 to it, makes it an integer for even
n:

1
(n—;— )EZ if n is odd,

1
(n—i— ) ¢7 ifniseven,

2

1 1
(n-2|- +2>:(Z+1)6Z if n is even.

The behavior can be replicated by rounding up
2l to the next larger integer. This results in [2£1],
which is identical to "T'H for odd n (since they are
both integers):

n+1

n+1 _ 2
2 AR
—+1 , neZ,

2 even *

, NE Ly

(Eq. 3.4.6)

Thus, the function we are looking for is f(n) =
[2+1], and substituting that in the piece-wise defi-
nition results in:

u_.“Jﬂ%?1 7= (Eq 347
Ln]g—m, n e , (Eq. )

where

TL'(Q) = ’I’L(TL - 2)'(2) s 0'(2) = (—1)!(2) =1, ne VAR

(Eq. 3.4.3)

Finally, combining Eq. 3.4.7 with a case for double

factorials, akin to the Roman factorial formulation,

gives us the Roman-like definition for the double fac-
torial:

n'(g) , ne ZEJ‘F

In]ly = (_1)["7“] (Eq. 3.4.8)
) nez,
(—’I’L — 2)'(2)

where

n'(g) = n(n - 2)'(2) s O'(z) = (—1)!(2) =1, ne Zr.

(Eq. 3.4.3)

In Section 4 we will unify its two parts, using the
generalization process.

3.5 Recursive definition

Here, we aim to define double factorials recursively
for all n € Z. Previously, we’'ve established recur-
sive definitions for n € Z* \ {1} (Eq. 2.2.3) and for
n € Z \ {-1, =2} (Eq. 3.3.1). Our goal here is to
unify these into a single, intuitive recursive defini-
tion, similar to the recursive definition of the Roman
factorial explored in Part 1.

To provide a clear objective, let’s first recall the
doubly-recursive definition of the Roman factorial:

nn—1)4 , neZ"
=49 (n+1)4 (Eq. 1.5.4)
—_— Z=\{-1
] , neZ”\{-1},
with the initial conditions
oh=(-1h =1 (Eq. 1.5.5)

This is termed a "doubly-recursive" definition be-
cause it uses two different recursive relations, each
working in opposite directions for positive and neg-
ative integers.

To better grasp this concept, consider the illustra-
tion below, which visualizes the recursiveness of the
Roman factorial:

Fig. 3.5.1: Roman factorial recursiveness

The figure’s right half illustrates the recursive be-
havior for positive integers, while the left half depicts
the recursive behavior for negative integers. Pos-
itive integer factorials are computed starting from
the seed n = 0, while negative integer factorials start
from n = —1. Notably, there is no connection be-
tween these two seeds, since the recursive definitions
do not evaluate directly at these points without en-
countering a division by 0.

Having revisited the recursive nature of the Ro-
man factorial, we now turn back to the double fac-
torial. To construct a similar recursive definition,
let’s recall the established definition for positive in-
tegers:

n'(g) = n(n—2)!(2) s 0'(2) = 1'(2) =1, ne Z+\{1} .
(Eq. 2.2.3)
And also the expression for negative integers:

IR neZ \{-1, -2}, (Eq. 3.3.1)

where

(Eq. 3.3.2)
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We can combine these definitions right now into
a unified expression, similar to Eq. 1.5.4. Let’s con-
struct it now to see where this approach leads us:

nn—2)y , neZt\{1}
1. —
ni2 = (TL+2)'2 -~
wr2 neZ \{-1, -2},
(Eq. 3.5.1)
where

However, while the equations in this unified form
are correct, the domain and initial conditions need
refinement. There are four seeds, but one is redun-
dant and can be eliminated.

In Subsections 2.1 and 2.2, we observed that the
recursive definition for the double factorial is valid
for —1. Let’s revisit this point:

Given this, we can rewrite Eq. 2.2.3 in this way:

’n'(g) = n(n - 2)'(2) s 0'(2) = (—1)!(2) =1, ne AR
(Eq. 3.5.3)
This adjustment allows the positive and negative
recursive definitions to share the seed —1 in common,
thereby reducing the number of necessary initial con-
ditions for the recursive definition of the double fac-
torial.
This concept can be visualized in the following
illustration:

Fig. 3.5.2: Double factorial recursiveness with posi-
tive and negative integers

The figure shows how the recursion operates across
all integers. Arrows indicate the direction in which
the values of nly are computed, either increasing or
decreasing by 2, based on the initial conditions.

In summary, we arrive at the following recursive
definition for the double factorial:

nn—2)y , neZ"
2 =9 (n+2)l
. , neZ\{-1, -2},
(Eq. 3.5.4)
where
Oy = (—1)ly = (=2)ly =1 (Eq. 3.5.5)

This represents the second piece-wise expression
of the double factorial for all integers. In the rest of
Section 3, we will explore two additional definitions
which are not recursive.

3.6 Falling product definition

This subsection, along with the next, focuses on
modifying the definitions of the Roman factorial to
derive similar ones that describe the double factorial.

In Part 1, we defined the falling product definition
of the Roman factorial as

—n—1

1
Bl

k=0

nly =n nez . (Eq. 3.6.1)

Here’s an example showing that the terms in the
[T-product decrease progressively'?:

11 1 1 1 1
(=00 = o 3 5 G

We now need to adapt this formula for the double
factorial.

To do this, we must determine two things: the
limits of the [[-product and the expression for each
term inside it. This is straightforward since similar
steps have been used before.

First, let’s find examples of negative double fac-
torials as falling products. These examples will help
us understand the definition we need.

Let’s start by expanding (—9)!5 and (—10)!2 in the
following way, so that their factors decrease in order:
o —(—gy. L. L L L 11
=095 % 55 3 T w05
1 1 1 1 1 1
(10)t2 = (=10) =5+ =5 =5 =1 2~ 3sa

These results suggest that the terms of nly de-
crease by 2, since n!ly contains every other integer in
its product expansion. This leads us to:

1 . 1
n+k n+2k’

Indeed, this expression describes the fractions in
the example above.

Next, we need to set the limits for the product.
Since the double factorial has half as many factors
as the traditional factorial (rounding up for odd n),
we adjust the upper limit of the product from —n—1

n

to [5*] — 1 so that it matches the expression in

Subsection 2.3. Thus, we get:
(5]

1
M L ez
o + 2k

nly=n- (Eq. 3.6.2)

Let’s test the validity of this definition for various
numbers. For even n, we have:

1 1
—8+2k_(_8)'kH —8 + 2k
1 1 1 1 1

A R R R T

10Specifically, the absolute value of the denominators de-
crease. More about this concept in Addendum 10.4.
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And for odd n:

9 1 1 1 1 1 1
A R - R S8

These results confirm that Eq. 3.6.2 accurately de-
scribes negative double factorials as a falling prod-
uct. Rather than discovering a new expression from
scratch, this time we modified a previous definition
to our needs.

3.7 Rising product definition

In this short subsection, we will aim to find an ex-
pression for negative double factorials, as described
by a rising product.

In Part 1, the rising product definition for negative
values of the Roman factorial was given by:

-—n

1
n!1=n~H_—k, nez . (Eq. 3.7.1)
k=1
Here are some examples:
1 1 1 1 1
) = (=) — . .= ==

1 1 1 1 1 1
_RB)., — (— . =
(=05 = = 3 = 5~

We now need to adapt this definition for n!s. To
start, we modify the term inside the product by mul-
tiplying k by 2 and replacing the upper limit —n with

=1, similar to our previous approach:

(Eq. 3.7.2)

[ 2]
1
—_ cZ".
e 1 5
This formula indeed works well for even n:
ﬁ 1
Pt o%h

Lot 11
-2 —4 —6 -8  48°

1
2k

However, for odd n, the formula starts with }2
instead of <;

4
1 1
(*7)!2:(*7)'1_[1_7%* Uiki
N
-2 —4 -6 -8  384°
In Subsection 2.4, we used modular arithmetic to

remedy this. There, we adjusted k by subtracting
n mod 2, which handled odd numbers correctly.

We remind that n mod 2 exhibits this behavior:

nmod?z{o , nis even

Eq. 2.4.4
1 , nisodd. (Eaq )

Here, we need to add n mod 2 to —2k instead of
subtracting it, so that the product starts with %1 as
required. This gives us:

_ 7.
i —2k+nmod2’ ne
(Eq. 3.7.3)

This adjustment ensures that for odd n, the []-
product starts correctly, while nothing changes for
even nly. Thus, Eq. 3.7.3 accurately describes neg-

ative double factorials as a rising product.

3.8 Synopsis

To summarize, this section introduced the concept
of negative double factorials by developing 4 defini-
tions to describe them. The recursive definition uses
previous values of n!ls:

nn—2)y , neZt
\rAre -\ {1 —
n + 2 bl n e Z \ { ’ 2}7
(Eq. 3.5.4)
where

Meanwhile the Roman-like definition looks very
similar to the original definition of Roman factorial:

nlz) , nELS
[n]ls = (fl){nTHW (Eq. 3.4.8)
— , NEZL,
(—=n —2)!(g)
where
n'(2) = n(n — 2)'(2) s O'(2) = (_1)|(2) — 17 nc Z-‘--
(Eq. 3.4.3)

Lastly, we described negative double factorials as
a falling and as a rising product:

nly nez”

(5]
Falling product n- H
k=0

1
n + 2k

Rising product

T’I’L
1;[ —2k+nmod2

Thl. 3.8.1: Double factorial expressed as a rising or
falling product for negative integers

In the next section, we will integrate these defini-
tions with those for positive integers as outlined in
Section 2, further generalizing the concept as we did
in Part 1.
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4 Double factorial generalizations

4.1 Introduction

In this section, we will consolidate the piece-wise
definitions of the double factorial that were devel-
oped in previous sections. The process we will fol-
low is similar to the one in Part 1, with only a few
modifications.

We will start by generalizing the recursive defini-
tion, followed by the Roman-like definition. After
that, we will unify the two [[-product definitions,
and finally, we will summarize the results in a table.

To simplify the notation in this page, we will use
the abbreviation Z3 , to represent the domain of
Z~\{-1, —2}, meaning all negative integers except
—1 and —2. This notation is temporary and it’s only
used for better readability.

4.2 Recursive definition step 1: 6(n)

In this subsection, we will unify the two cases of
the recursive definition of the double factorial. This
generalization closely follows the analogous process
in Part 1, but we will outline the steps again for
clarity.

Let’s start by recalling the piece-wise definition:

nn—2)y , neZ"
—F— , nE€EZL; 5,
n+2 ’
where
Ol =(-Dl=(-2)ls =1. (Eq. 3.5.5)

This definition is similar to the recursive definition
of the Roman factorial (Eq. 1.5.4), with the key dif-
ference being the presence of the number 2 instead
of 1. This minor discrepancy does not affect the
generalization process, but we will detail it here.

We can begin by rewriting the cases as follows:

n-(n—2)h _ {n+1~(n—(+2))!g

S(n+2)l (n+2)7" (n—(-2))

n -+ 2

Here, we can see that the F.F. 6(n) fits perfectly,
as it is defined by:

%ﬂ:5m):{1 , nezZt

Eq. 1.4.2
-1, neZ; 5. (Eq )
Although 6(n) is defined for all real numbers, here
it specifically applies to the domain of the recursive
definition being generalized, in order to fit it best.
By incorporating 6(n) into the definition, we ob-
tain:

n®™ (n —26(n))! , neZt
n!2 =

(n+2)M (n—20(n))ly , ne L3, .-
(Eq. 4.2.1)

4.3 Recursive definition step 2: £'(n)

Now, the only difference between the two cases of
the recursive definition lies in the base term: n for
positive integers and (n + 2) for Z; .

We express this difference as follows:

| (n+0)°™(n—-20(n))y , nezt
nll =
(n +2)9() (n—20(n))l2 , neZi ,.
(Eq. 4.3.1)
This term, which can be either 0 or 2, is described

by the foundational function £'(n), or more precisely
2¢'(n), as shown below:

0 , neZr

Eq. 1.44
2 ,neZ_‘L_Q.(q )

By incorporating this function into Eq. 4.2.1, we
get the same expression for both cases:

(n+2¢@)"™ (n—26(n))y , nezt

(n+2¢m)" ™ (n-260m) , neZ] ,.
(Eq. 4.3.2)
As a result, these two cases are equivalent and
can be unified into a single expression, which is the
recursive definition of the double factorial'!:

nly = (n+280)"" (n—20m))y, neb,

(Eq. 4.3.3)
where
Dy ={neZ|n#0, -1, -2}, (Eq. 4.3.4)
with
0l = (=D)ly = (=2)l =1. (Eq. 4.3.5)

4.4 Roman-like definition step 1: n(n, 2)

In Subsections 4.4 to 4.6 we will unite the cases of
the piece-wise definition of n!s, an expression akin
to the Roman factorial. Insights from Part 1 provide
a clear rationale for the steps that will be followed
here, and the generalization process is quite similar.

The piece-wise recursive definition of the double
factorial is given by:

n'(g) , n & Za_
|n]ly = (71)[";1} - (Eq. 3.4.8)
(—n — 2)!(2) > B € ’

where

n!(g) = n(n — 2)!(2) R 0!(2) = (—1)!(2) =1, ne VAR
(Eq. 3.4.3)

In Part 1, the first step involved introducing the
function n(n) to handle the numerator of the fraction

HThe set-builder notation used for this definition is ex-
plained in Addendum 10.1.
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in the second case of Eq. 1.5.1. since this numerator
differs in the current context, we need to modify n(n)
accordingly.

We know that n(n) is defined as:

1 , n€E Zé
(-1t [ neZ .
(Eq. 1.4.5)
Instead of modifying n(n) for the purposes of nls,
a better approach is to create an entirely new func-
tion that takes two variables. Let’s define n(n,2) as
a two-variable function of the form:

() = 0(n) "1 = {

n,2) =60(n (nTJrq = ! nt1] n ez
n(n,2) = 6(n) (71)[%1 Cnez-
(Eq. 4.4.1)

In this context, the variable 2 represents the order
of the factorial. As we will see in Section 5, the tradi-
tional factorial is of order 1, while the double facto-
rial is of order 2. By redefining 7(n) as a two-variable
function, we prepare for an easier generalization of
the Roman-like definition of the multifactorial later
on.

We can now incorporate n(n,2) into Eq. 3.4.8 as
follows:

1-nle) n(n,2) -nlay , neZd
n+l _

(—1)( =] a2 ez

(—n — 2)‘(2) (=n— 2)'(2) ’

Thus, we have completed the first step in our quest
to generalize the Roman-like definition of the facto-
rial of order 2. The generalized definition is:

n(n,2)-nle , neZ

[n]l2 = .2 (Eq. 4.4.2)
M , n€E 7.
(—n — 2)'(2)

where
n'(g) = n(n - 2)'(2) s O'(g) = (—1)!(2) =1, ne AR
(Eq. 3.4.3)

4.5 Roman-like definition step 2: 6(n)

In this step, we will emphasize the exponent of the
double factorial in Eq. 4.4.2, leading to:

In]ls = n(n,2) - (nl)" , n€Zy
2= ~1
n(n,2) - [(=n —2)!)] , NEL.
(Eq. 4.5.1)
This reveals another instance of (n), as given by
5(n) 1, neZ*
O(n) = = Eq. 1.4.2
= ) {—1 ez, (Fal42)

We can now substitute the highlighted exponents
with 6(n), resulting in:
0(n) +
,2) - (n! , NE€Z
]ty = {W )+ (nl) n ez

n(n,2) - [(—n — 2)!(2)]9(n) , nE€Z.
(Eq. 4.5.2)

where

n!(2) = TL(TL — 2)'(2) R 0'(2) = (—1)!(2) =1, ne AR

(Eq. 3.4.3)

Before proceeding further, we can make two im-

provements for clarity. First, the parentheses around

the double factorial can be removed to simplify the
notation. The definition now becomes:

1 0(n) +
Tty n(n,2) n! ) , nEZ
n(n,2) - (—n — 2)!(02()”) , neL .
(Eq. 4.5.3)

We can further simplify the expression by replac-
ing —n in the second case with |n|, and similarly
adjust the first case:

6(n

n(n,2) - |”|!(2() )
n(n,2) - (In] = 2)1(5" , nez.

(Eq. 4.5.4)

This transformation is possible because of the be-
havior of the absolute value of n, defined as:

n , n>0
In| =
-n , n<0.

4.6 Roman-like definition step 3: £'(n)

In the third and final step of this generalization,
we address the subtraction of 2 from |n|, which is
absent in the first case but present in the second.
This discrepancy is highlighted below:

n(n,2) - (|n] - 0)1/5"

, nE€L

[n]le =

(Eq. 4.5.5)

, n€L

|_’I’L !2 =

0(n —_

n(n,2) - (In| — 2)!(2() ) nez.
(Eq. 4.6.1)

This pattern is reminiscent of the F.F. £'(n):

1—46(n) 0 , neZg

'(n) = ——+—+= ’ 0  (Eq. 144
& 2 {1 R o

Here, &’'(n) has the output pattern [0,1] but to
match the required subtraction in the second case
of our expression, we need the outputs [0,2]. This
can be achieved by multiplying ¢'(n) by 2, and this
expression can be directly replaced into Eq. 4.6.1:

n(n,2) - (In] = 2¢'(n)! 5"

n(n,2) - (n] — 25’(n))!é()n) , nel .
(Eq. 4.6.2)
This completes the generalization process, result-
ing in a unified Roman-like expression for the double
factorial:

]t = n(n,2) - (In] —2& )T

, n€ZT

[n]l2 =

ne,

(Eq. 4.6.3)
where

nlo) =n(n—2)\ ), 0o = (-1l =1, neZ".
(Eq. 3.4.3)
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4.7 J]-product definitions step 1: |n/|

In this set of subsections, we will generalize the
non-recursive, [[-product definitions of the factorial
of order 2 shown earlier.

To begin, let’s present these two definitions in tab-
ular form. The first table contains the falling prod-
uct definitions for both positive and negative integers
(Subsections 2.3 and 3.6), while the second table lists
the two cases of the rising product that were found
in Subsections 2.4 and 3.7:

nly Falling product

nezt (n — 2k)

n—|—2k

=0
771
nez” H

Thl. 4.7.1: nly as a falling product

nlo Rising product

|

-
V|3

nezt H(Qk—nmon)
k=1
=
nez " H —2k +n mod 2

b
Il
_

Thl. 4.7.2: nly as a rising product

Notice that n = 0 is missing from both cases in
each [[-product. Here, we take advantage of the
concept of the empty product, and include n = 0 in
the first case of both [[-products.

To confirm the validity of this assessment, let’s
perform the calculations:

nly= [ (0-2k) = J](-2k)
k=0 k=0
H 0
nly = (2k — 0 mod 2) H

k=1

Recall that the empty product arises when the up-
per limit of a [[-product is less than its lower limit,
resulting in a product value of 1 regardless of the
expression for k. For more information about the
empty product and [ [-products in general, check out
Addendum 10.4.

Continuing with the [[-product definitions, note
that the upper limits of the products are expressed
as [2] for n € Z§ and as [52] for n € Z~. The

negative sign ensures that the upper limits remain
positive when n is negative.

We can eliminate the negative sign by replacing n
with |n|. This leads to the following definitions:

nly Falling product
]
n € Zg (n —2k)
k=0
EIEE.
nezZ | n-
o T 2k

Thbl. 4.7.3: nly as a falling product (generalization
step 1)

nlg Rising product

(51

(2k — n mod 2)
Z

nGZS’

n ez

I;I 2k‘+nmod2

Tbl. 4.7.4: nly as a rising product (generalization
step 1)

This step in the generalization process is identical
to the corresponding one in Part 1, repeated here
in detail to show every part of the process without
skipping any steps, even if they seem repetitive.

4.8 []-product definitions step 2: ®(n)

We will now proceed to incorporate the F.F. ®(n)
into our definitions. It was defined in Part 1 as:

"(n 1, n e Z+
o) = 000) = {1 "
(Eq. 1.4.10)

Since we can state that the positive cases in the
[[-product definitions are multiplied by 1, we can
seamlessly substitute ®(n) there:

nly Falling product
]
n €z | ®(n)- (n — 2k)
k=0

ner”

g

n+ 2k
Tbl. 4.8.1: n!ly as a falling product (generalization
step 2)
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nlo Rising product
5]
nezy | ®n)- H (2k — n mod 2)
k=1
o
7= | ®(n) - - -
me (n) 1};[1 —2k 4+ n mod 2

Thl. 4.8.2: nly as a rising product (generalization
step 2)

With this, we have successfully completed step 2
of the generalization process. The next and final step
will allow us to summarize our results and bring this
section to a conclusion.

4.9 J]-product definitions step 3: 0(n)

In this final step, we analyze the differences in
the index terms for the [[-product definitions and
consolidate them. The index expressions for both
the falling and rising products are summarized in
the following table:

Indices | Falling product Rising product

n € Zg n—2k (2k — n mod 2)
7- 1 1

ne n+ 2k —2k 4+ n mod 2

Tbl. 4.9.1: Index terms in the [[-product definitions
of the double factorial

The term "indices" here refers to the index terms
in the []-product, and it will be used as an abbrevi-
ation in this context.

Notably, 6(n) appears prominently in each case.
The positive cases for n € Zar have expressions that
invert when n € Z~. This is equivalent to raising
these expressions to the power of 6(n):

Indices | Falling product Rising product
n € Zg (n — 2k)%() (2k — n mod 2)%(")
n €z (n + 2k)%() (—2k 4 n mod 2)7(")

Tbl. 4.9.2: Index terms in the [[-product definitions
of the double factorial, with highlighted exponents

There are still some occurrences of this function
that need to be addressed. For the falling product,
the term 2k changes sign when n does, which allows
us to rewrite the expression as (n —2k6(n)). In the
rising product, the entire expression changes sign.
This can be represented as 6(n) - (2k —n mod 2).

Incorporating these changes gives us the following
table for the expressions inside the products:

n ez

(n—2k H(n))e(n)

Indices ‘

Falling product

Rising product | 6(n) - (2k — n mod 2)?(")
Thl. 4.9.3: Index terms in the [[-product definitions
of the double factorial, unified

With the index terms now unified, the [[-product
definitions themselves can be consolidated.

The final expressions are presented below, where
Eq. 4.9.1 is the generalized falling product definition
of nls and Eq. 4.9.2 its rising product formulation:

M

—260(n))’"™, nez,

k=0
(Eq. 4.9.1)
[51]
H Qkfnmon))e(n),nEZ.
k=1
(Eq. 4.9.2)

4.10 Synopsis

In Section 4, we explored various generalizations
of the double factorial. The generalized recursive
definition for n!y is:

nly = (n+2¢m))"" (n—26(n))l2, neb,

(Eq. 4.3.3)
where
Dy ={neZin#0, -1, -2}, (Eq. 4.34)
with
0l = (—1D)ly = (=2)1x = (Eq. 4.3.5)

Next, the generalized Roman-like definition is:

[n]la =n(n,2) - (In| —2&'(m)! 5", nez,

(Eq. 4.6.3)
where
n!(2) = n(n — 2)!(2) R 0!(2) = (—1)!(2) =1, ne VAR
(Eq. 3.4.3)

Finally, the generalized [[-product definitions of
nly as a falling or as a rising product are defined as:

8-

nly=dm)- [[ (n-2k0m)"™, nez,
k=0
(Eq. 4.9.1)
54
H n)-(2k —nmod 2))"™ nez.
- (Eq. 4.9.2)

With these generalized definitions established, we
are now prepared to explore factorials of higher or-
der, known as multifactorials.



EXPANSION TO MULTIFACTORIALS AND THE OMNIFACTORIAL 19

5 Multifactorial

5.1 Introduction

The multifactorial, denoted as n!(,,) , is a general-
ization of the traditional factorial, where the tradi-
tional factorial is of order 1, and the double factorial
is of order 2. The multifactorial extends this concept
to any positive integer order m, where m stands for
the order of the factorial. For the purposes of this
paper it will always be a natural number (m € N).

In essence, n!(,,) is the product of every m-th inte-
ger, starting from n and descending until the lowest
positive integer. Examples for various values of m
are as follows:

8lgy =8-5-2=80,
1y =11-7-3=231,
1615y = 16-11-6-1 = 1056.

This view of the multifactorial as a falling product
is a useful starting point, but in Subsection 5.4 we
will define it as a rising product too.

Below, we provide a table listing multifactorial
values up to m = 4:

n |01 23 4 5 6 7
algy |11 2 6 24 120 720 5040
nlgy |1 1 2 3 8 15 48 105
nlg |11 2 3 4 10 18 28
g |1 1 2 3 4 5 12 21

Thbl. 5.1.1: Multifactorials

The following figure illustrates'? these multifacto-
rials in a nice way:

120

100

80

60

40

20

Fig. 5.1.1: Multifactorial

As the order m increases, the multifactorial grows
more slowly. This behavior is expected since increas-

12Continuations of 1! () into non-integers will be discussed
in the next part of this study. Fig. 5.1.1 was made using a
formula found in Addendum 10.3.

ing m reduces the number of terms in the product,
which contains every m-th integer.

In the remainder of this introduction, we will de-
rive the recursive properties of the multifactorial
from the cases of m =1 and m = 2.

Firstly, let’s recall the recursive properties of the
traditional and double factorials, which were stated
in Subsection 2.2:
nezt,

nlay =n(n— 1y, (Eq. 2.2.1)

77,!(2) = n(n — 2)'(2) , ne VAl \ {1} . (Eq 222)

From these relations, we derive the general recur-

sive definition for the multifactorial:

my = n(n —m)! ), (Eq. 5.1.1)

where n must be in an appropriate domain for the
equation to hold.

Since multifactorials are defined for n € Z7, the
smallest possible multifactorial is 0!(,,) = 1. The
recursive property we are looking for relates n!(,,
with (n —m)!(y) , which is itself a smaller factorial.

Thus, the domain of Eq. 5.1.1 is all positive inte-
gers down to n = m, as otherwise (n —m)!(,,) would
be a negative multifactorial, which is not currently
defined.

Therefore, the recursive property of the multifac-
torial now becomes:

{neZin>m}.

(Bq. 5.1.2)
where the notation'® {n € Z|n > m} means the set
of all integers greater or equal to m.

There is an alternative form of Eq. 5.1.2 that was
examined for the traditional and the double facto-
rials. If we substitute n with n 4+ m and solve for
n!(m) , we obtain another recursive property:

n!(m) = n(n - m)!(m) y

Mm) = (n+m)kom)

Eq. 5.1.3
n-—+m ( 1 )

n e Zg .

This equation relates a multifactorial with a larger
one, making the domain Zar appropriate.

In the next subsection, we will expand the domain
of these recursive properties to include some negative
integers. Although multifactorials are primarily de-
fined for positive integers, extending them to include
negative values simplifies the recursive definition.

To conclude this introduction, we’ve presented the
concept of multifactorials and defined two recursive
properties. In the following sections, we will derive a
more comprehensive recursive definition and explore
the [[-product formulations, describing n!¢,) as a
falling /rising product.

The structure of this section mirrors Section 2 of
this paper, and a similar design will be followed in
subsequent sections.

13For more information about number sets and the set-
builder notation, check Addendum 10.1.
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5.2 Recursive definition

As mentioned in Subsection 3.5, a recursive def-
inition is well-defined when it includes a recursive
relationship along with a set of initial conditions, or
seeds. In this subsection, we will derive the recursive
definition for the multifactorial by generalizing from
the cases of m =1 and m = 2.

Let’s start by recalling the recursive definitions of
the traditional and double factorials:

nezr,
(Eq. 1.5.2)

n!(l) = TL(TL - 1)'(1) 5 0'(1) = ].,

n!(g): n(n—?)!(g) , 0!(2): 1!(2) =1, ne Z+\{1}.
(Eq. 2.2.3)

It is evident that Eq. 5.1.2 requires a set of seeds
to fully define it. Let’s explore this further.

The traditional factorial needs only one starting
value to cover every integer (0! = 1), as the recur-
sive relationship naturally links consecutive integers.
In contrast, the double factorial requires two seeds
to achieve the same thing (0!! = 1!l = 1), since it
involves the product of every other integer. A single
seed would only cover half of all n € Zg .

By analogy, the multifactorial would require m
seeds to encompass every possible integer. Its prod-
uct consists of every m-th integer, so it makes sense
that m starting values are needed to define it recur-
sively for any possible n € Za' .

Typically, we would choose the first m integers
as seeds. However, this approach encounters com-
plications. Consider the triple factorial n!3) as an
example:

Fig. 5.2.1: Triple factorial recursiveness

In this figure, we see that n!e) for non-negative
integers requires three seeds to define the triple fac-
torial recursively. The seeds are 0!(3) = 1l3) = 1
and 2!(3) = 2. While the first two seeds are set to
1, the third seed must be set to 2; otherwise, the re-
cursive relationship would yield incorrect results (for
instance, 8!(3) would not equal the product 8 -5 -2
anymore).

If we had considered n!(4) instead, we would need a
fourth seed: 3!(4) = 3. Generally, every seed except
0!(y) must be set to nl(,) = n, where the seeds
belong in {n € Z|0 < n < m}.

We will adhere to this approach for now, even
though the resulting definition might not be as in-
tuitive or useful as an alternative one that will be
presented afterwards.

The seeds from 0 to m — 1 can all be systemically
set using the F.F. ¥(n), which is defined as:

1, n=0
n, ncZt.
(Eq. 1.4.10)
This function allows us to set n!(,,) = ¥(n) for
{n € Z|0 < n < m} as the seeds for the multifac-
torial, leading to the following form of its recursive
definition:

D(n) = (n+0(n)" " = {

{neZ|n>m},
(Eq. 5.2.1)

)y = n(n —m) oy,
where

iy =¥ (n), {neZ|0<n<m}. (Eq 52.2)

This expression, however, is more complicated
than necessary, and there is a way to avoid using
a F.F. in the recursive definition of the multifac-
torial. The seeds can be chosen more straightfor-
wardly, leading to a simpler and more elegant defi-
nition.

To simplify the recursive definition, let’s consider
extending the domain of n!(,,) is defined in, by ap-
plying a method similar to how double factorials
were extended to negative odd integers using the re-
cursive relationship from Eq. 3.2.1.

We will focus initially on the case of the triple
factorial. The recursive property that is analogous
to Eq. 3.2.1 for the triple factorial can be expressed
as:

, cZt.
n+3 " 0

Although negative triple factorials have not yet
been explicitly defined, we can test various values
beyond ZJ to verify the validity of this recursive re-
lationship. The value n = —3 is of course undefined,
so we are limited to the first two negative integers.

By evaluating Eq. 5.2.3 for n = —1 and —2, we
obtain:

(-1+3)ls 2l
(=D —1+43 2 ’
(=2+3)lm 1)
—2 ! = = = 1.
(=2l —2+3 1

This approach will be applied in more detail in
Subsection 6.2 for the general case of n!,,), but for
now, it helps us in finding a simpler recursive defini-
tion for the multifactorial.

From the examples above, we see that some nega-
tive triple factorials can be computed without error
using the recursive property. Accepting that n!(s)
can be extended to include the first two negative in-
tegers in this way allows us to redefine the seeds in
its recursive definition.

This concept is further clarified in the following
illustration:
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Fig. 5.2.2: Triple factorial recursiveness with a dif-
ferent set of starting values

As shown in Fig. 5.2.2, exactly three seeds are
required to define n!() in this manner: n = -2, —1
and 0. Notably, these seeds all share the same value:
(—2)'(3) = (—1)'(5) = 0'(3) =1.

By adopting this approach, the triple factorial can
now be defined recursively as:

nlg =n(n—3)\s, neZt,  (BEq 524)
where
(—2)!3) = (-1)l5 =0l =1.  (Eq. 5.2.5)

To solidify this concept, let’s briefly consider
another example. The recursive behavior of the
quadruple factorial n!(4) is depicted below:

Fig. 5.2.3: Quadruple factorial recursiveness

Here, it is evident that four seeds are necessary
to define the quadruple factorial recursively for all
integers. The seeds (—3)!(4) through 0!(4) can all be
set to 1, ensuring the correct values for the quadruple
factorial as seen in Thl. 5.1.1.

In conclusion, we generalize this idea for the n!(,,)
based on our analysis of factorials for m =1 to m =
4. For m = 1, only the seed 0!(;) = 1 is required,
while the double factorial in Eq. 3.5.3 needs the seeds
(=1)!(g) = 0lgy = 1. Similarly, the triple factorial
requires the seeds (—2)!(3)= (—1)!(3)= 0!(3)= 1.

For the factorial of order 4, as seen in Fig. 5.2.3, an
additional seed (—3)!(4) = 1 is necessary. Hence, the
general case n!(,,) can be well-defined recursively by
using the following starting values: (—m + 1)!(,,) =
(—-m+ 2)'(m) == (71)'(7”) = 0'(m) =1

Thus, the recursive definition of the multifactorial
is:

nlimy =n(n—m)lemy, neZ,  (Eq 5.26)
where
iy =1, {n€Z] -m<n<0}. (Eq 52.7)

This concludes the development of the recursive
definition of the multifactorial, which is now appli-
cable to a broader range of integers. A thorough
analysis of its behavior for all negative integers will
be performed in Subsection 6.2.

5.3 Falling product definition

In this subsection, we will follow a similar logic to
find the falling product definition for the multifacto-
rial. Specifically, we will recall the falling products
of the traditional and double factorial, make an ed-
ucated guess for the general case, and then verify its
validity through specific examples.

Let’s begin by recalling the falling product defini-
tion of the traditional factorial, as it was discussed
in Part 1:

n—1
n!(l):H(n—k), nezr.
k=0

(Bq. 2.3.1)

This product iterates over the entire sequence of
positive integers from n down to 1, essentially mul-
tiplying each term in the sequence until it reaches
the base case. The factorial of any positive integer
is thus the product of all integers less than or equal
to that number.

The falling product definition of the double facto-
rial, as formulated in Subsection 2.3, is as follows:

HE
n'(g): H (n—2k), nezr.
k=0

(Eq. 2.3.4)

Here, the sequence skips every other integer, re-
flecting the fact that the double factorial involves
multiplying only the odd or even integers, depend-
ing on whether the initial number is odd or even.
Notice the term [%] in the upper limit of the prod-
uct. This term adjusts the range of the product,
ensuring it accounts only for the required factors in
the double factorial.

In Eq. 2.3.4, there is a term in the upper limit
of the product that does not appear in the tradi-
tional factorial: the term [%W is just n in the other
definition. However, upon closer examination, these
quantities are closely related.

The double factorial is considered to be of order 2,
while the traditional factorial of order 1. Since the

n

former contains the term [51 in its falling product

definition, it follows logically that the latter should

include the term (%1 in its product limit.
Let’s verify this assessment for m = 1. Indeed, we

can confirm that the claim above is true:

HEGE

This reasoning implies that in the falling product
definition of m = 1 there is the term [%], and for
m = 2 the corresponding term is [%W It is safe to
assume that for m = 3, this term is just [%w

We can now extend this logic to formulate a falling
product definition for the triple factorial. By adjust-
ing the expression of k inside the product accord-
ingly, we obtain the following:

41
n!(g): H (n—Sk), neZt.
k=0

nezr.

(Eq. 5.3.1)
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To test the validity of this definition, let’s compute
a few examples:

[5]-1 |
6l(z) = 3]"[ (6—3k)=]](6—3k)=6-3=18,

k=0 k=0
{%]*1 2
T3 = H (7—3k)=H(6—3k):7~4-1=28,

k=0 k=0

HE :
3]_[ (8—3k)=]](6—3k)=8-5-2=80.

k=0 k=0

8l) =

The results confirm that Eq. 5.3.1 accurately de-
scribes the triple factorial for these examples, which
suggests that the proposed definition is indeed cor-
rect.

To further solidify this approach, let’s extend the
analysis to m = 4. The falling product definition in
this case would be:

[4]-1
IT (n—ar),

k=0

nlyy = neZt. (Eq.5.3.2)

Eq. 5.3.2 produces the following factorials:

[

il 1
8lay= ] ®—4k)=]](®—4k) =8-4=32,
k=0 k=0

{%W_l 2
Nay= J] O-4k)=J[O-4k) =9-5-1=45,

k=0 k=0

-1 :

4

100y = [ (10-4k) Hm 4k) =10-6-2,
k=0 k=0
(4] 2

Wy = J] 1-4k)=JJ1-4k)=11-7-3.

k=0 k=0

As expected, Eq. 5.3.2 produces accurate values
for the quadruple factorial, which shows that our
method works well. The consistent results across
different examples suggest that the falling product
definition we’ve proposed for any multifactorial can
be successfully generalized.

Thus, the general case can be written as:

[
oy = 1
k=0

This definition is considered the falling product
definition of the multifactorial. It is important to
note that it is not defined for n = 0, but that is sim-
ply because we have not yet considered this specific

3|

(n—mk), neZ". (Eq.5.3.3)

case. However, extending this definition to include
n = 0 is straightforward.
If we try to calculate 0!(,,) using Eq. 5.3.3, we get:

[ ]-1 ~1

[T ©=mk)=]](-mk) =

k=0 k=0

ORWQ::

In this scenario, the upper limit is less than the
lower limit, so the resulting product is always 1, re-
gardless of the value of (—mk) since it resembles the
empty product. This allows us to expand the do-
main of Eq. 5.3.3 from Z* to Zg, thereby providing
a definition that covers all non-negative integers.

In fact, we can take this one step further. In
the previous subsection, we defined the multifacto-
rial recursively for some negative integers as well.
Since the upper limit of the product in Eq. 5.3.3 be-
comes increasingly negative as n decreases, it makes
sense that the product will always equal 1 due to the
empty product property. Therefore, the expanded
domain will now take the form {n € Z| — m < n}.

In conclusion, the expanded falling product defi-
nition of the multifactorial is hereby defined as:

2]
nl(m) = H (n—mk),

k=0

{neZ| —m<n}.

(Eq. 5.3.4)

This definition not only encompasses the tradi-

tional and double factorials but also generalizes to

multifactorials as well. With this foundation, we are

now ready to explore the rising product definition of

the multifactorial, which will complete our analysis
in this section.

5.4 Rising product definition

We will start this subsection by revisiting the ris-
ing product definitions for the traditional and double
factorials. We will use a similar method to explore
the general case, following the approach outlined ear-
lier in this section.

The definitions are as follows:

nlay =[]k, nezt, (Eq. 2.4.1)
k=1
H
nlg) = (2k —nmod 2), necZ". (Eq.24.5)

These rising product definitions seem less straight-
forward compared to their counterparts in the falling
product case for m = 1 and m = 2. Nonetheless, we
will apply the same reasoning as before to see where
it leads us.

The upper limit in the product follows the same
pattern as in the falling product definitions. This
consistency is expected since it reflects the number
of factors in the final product, and the difference
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between rising and falling products lies only in the
order of these factors. Thus, for the general case, we
hypothesize that the upper limit of the [[-product
i [2].

It is important to note that in Eq. 5.3.3, the limits
range from k = 0 to {%1 — 1, whereas the rising
product definition we are seeking should have limits
from k£ =1 to (%—‘ This shift in counting from 1
instead of 0 affects only the way factors are counted,
without altering the final result.

Let’s try to generalize from Eq. 2.4.5. Before ex-
tending this to higher orders, it is wise to first con-
sider the traditional factorial by substituting 1 for
every instance of 2. This will help us verify if our
approach is correct before proceeding further.

Now, Eq. 2.4.1 becomes (for n € Z{):

5]

[n]
n!(l):H(lkfnmodl):H Hk
k=1 k=1

(Eq 5 4.1)

This reduction indeed returns us to the original

formulation of the rising product for the traditional

factorial. With this confirmation, let’s now express
the rising product for m = 3:

5]
nlg) = H (3k —n mod 3),
k=1

neZ". (Eq.5.4.2)

The following examples illustrate its behavior:

5] 2

:H (3k — 6 mod 3) = [[(3k —0) =36,
k=1

7
3 3

= [[ 3k = 7mod 3) = H3k—1 5.8,
k=1 k=1

Unfortunately, there appears to be an error in our
formulation. The product for 7!(3y should be 1-4-7,
not 2-5-8. The value of 6!(3) was calculated correctly,
though this seems to be coincidental.

To identify the mistake, let’s examine a few more
examples:

-
wloo
_

3
8!(3):H(3k—8m0d3 H3k72f1.4.7,

k=1
5] 5

9Ny = (3k‘—9m0d3)=H(3k—0):3.6.9.
k=1 k=1

Again, there’s a pattern where products for mul-
tiples of 3, such as 6!(3) and 9!(3) , are computed cor-
rectly, while the others are not. Notably, the product
for 7!(3y corresponds to that of 8!(3) and vice versa.

Given the complexity of this issue, let’s now ex-
amine the case for m = 4 to see if any new patterns
emerge.

The incorrect definition of Eq. 5.4.2 for m = 4 is:

-
B3
_

nlay = || (4k—nmod4), neZ". (Eq. 54.3)
k=1

Let’s go through some examples:
H 2

5lyy = (4k—5m0d4):1_[(41;_1):3.77
k=1 k=1
4] 2

6!(s) = (4k—6mod4):H(4k_Q):2.67
k=1 k=1
K 2

Ty = (4k—7m0d4):1_[(41;_3):1.57
k=1 k=1
4] 2

8l = [ (4k — 8 mod 4) = H4k 0)=4-8.

k

Il
-

The products for 6!4) and 8!(4) appear to be cor-
rect, while those for 7!4) and 9!(4) are not. Specif-
ically, these multifactorials seem to produce each
other’s result.

To understand why, consider this: for 5!(4), we
would want its rising product to be 1-5, or (4k — 3)
in the examples above. For 7!(4), its rising product
is 3 -7 and so it could be expressed by the terms
(4k —1).

This suggests that the expression n mod 4 needs
to be modified. In order to do that, let’s name
the expression a function of n and m, for instance
f(n,4). Let’s also create a table comparing its de-
sired output to our current incorrect expression:

n 1 2 3 45 6 7 8 9 10
nmod4 |1 2 3 0 1 2 3 0 1 2
fn,d) |3 2 1 0 3 2 1 0 3 2

Tbl. 5.4.1: The function f(n,4) in the case of the
multifactorial m = 4 as a rising product

There is a pattern here, connecting n mod 4 with
f(n,4). They match on even integers, which is con-
firmed by our examples of 6!4) and 8!(4) . They were
found to be calculated correctly, where as odd inte-
gers were not.

As n increases, the expression n mod 4 cycles
through 0, 1, 2, and 3. The function f(n,4) how-
ever, seems to exhibit an opposite pattern, falling
from 3 to 0 and then rising back up to 3.

Let’s try to replicate that behavior. One way to
mirror the outputs of n mod 4 is to subtract it from
the number 4:
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n 1 2 3 4 5 6 7 8 9

n mod 4 1 2 3 01 2 3 0 1
4—nmod4 |3 2 1 4 3 2 1 4 3
f(n,4) 3 21 0 3 2 1 0 3

Thl. 5.4.2: The expression (4 —n mod 4) in the case
of the multifactorial m = 4 as a rising product

We're getting closer to finding f(n,4), but there’s
a small problem. When n is a multiple of 4, f(n,4)
should be 0, but 4 —n mod 4 gives us 4. We need to
change this so that 4 becomes 0, while keeping 1, 2,
and 3 the same.

Luckily, we do not need any new methodologies to
solve this issue. We can apply mod 4 to our current
expression for f(n,4), resulting in the nested expres-
sion (4 —n mod 4) mod 4. This gives us 0 when n is
a multiple of 4, but doesn’t alter the other numbers.

In other words, using mod 4 again doesn’t change
anything if the result is 1, 2, or 3. But when n is 4,
here’s what happens:

(4—4mod4) mod4=(4—0)mod4=0.

This does exactly what we want. We can make it
simpler using a rule of modular arithmetic:

(4 —nmod 4) mod 4 — (4 —n) mod 4

— (—n) mod 4.

No matter what n mod 4 gives us, using mod 4
again won’t change the result. This is because mod
4 is idempotent'#, so we can remove the inner mod 4
and just write (4—n) mod 4. We can also remove the
4 that we’re subtracting n from, because it doesn’t
change the final answer.

Now that we have found f(n,4), let’s include it in
Thbl. 5.4.2 for completeness:

n 1 2 3 4 5 6 7 8

n mod 4 12 3 01 2 3 0
4—(hmodd) |3 2 1 4 3 2 1 4
(—n)mod4 |3 2 1 0 3 2 1 0
f(n,4) 32 1 03 2 1 0

Thbl. 5.4.3: The expression (—n) mod 4 in the case
of the multifactorial m = 4 as a rising product

In short, we have solved the issue of the miscal-
culated multifactorials by investigating the case of

14]dempotence is the property of certain operations in
mathematics and computer science whereby they can be ap-
plied multiple times without changing the result beyond the
initial application [5].

m = 4. The resulting rising product definition of
the quadruple factorial is as follows:

%1
nlyy = H (4k — (—n) mod 4), neZ .
k=1

(Eq. 5.4.4)
Before we make this work for all cases, let’s check
if it fixes the problem for m = 3 and if it still works
for m =2 and m = 1.
For m = 3, the rising product definition looks like
this:

5]
nl) = H (3k — (—n) mod 3), neZ'.
k=1

(Eq. 5.4.5)
It is exemplified below:
3] )
6!y = J] (8k — (~6) mod 3) = [J Bk —0) = ---
k=1 k=1
5] ,
Mg =[] Bk —(-7) mod 3) = [[ Bk —2) = -
k=1 k1
1] 3
81z = [ 3k — (-8) mod 3) = [[(Bk —1) =
k=1 b1
3] ,
Mg =[] Bk —(=9) mod 3) = [[(3k —0) = -

S
Il

1

=
Il
—

You can check for yourself that these products give
the correct rising product of n!(zy. We don’t need
to show all the calculations in this paper, but it’s a
good exercise to work through them on your own.

Let’s now check what happens for m = 2:

(2 —nmod 2) mod 2 — (2 —n) mod 2

— (—n) mod 2 — n mod 2.

This works out nicely because n mod 2 always
gives either 0 or 1, no matter if n is positive or neg-
ative. It only cares about whether n can be divided
by 2 without a remainder. Interestingly, this simple
behavior doesn’t hold true for larger values of m, as
we saw earlier.

Finally, let’s check what happens when m = 1:

(1 -nmod1)mod1l— (1—0)mod]1

—1mod1—0.

Indeed, this result is correct since the modular
term is absent from the rising product of n!; .

Thus, now that we’ve checked all these cases, we're
ready to write down the full definition of the multi-
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factorial as a rising product. Here it is:

]
nm) = H (mk — (=n) mod m), neZ®.
k=1

(Eq. 5.4.6)

The upper limit of this [[-product looks a lot like
the one we used for the falling product definition of
the multifactorial. Because of this similarity, we can
make our new equation work for even more numbers
by utilizing the empty product. This lets us define
the equation for {n € Z| —m < n}.

The trick about nested modular arithmetic was
not obvious earlier, because we didn’t look closely
at factorials of higher orders on their own. When
we were working with the falling product, our first
attempt at generalizing the double factorial defini-
tion worked out perfectly. But when we tried to do
the same thing for the rising product definition of
the multifactorial, we found out that our initial ap-
proach was flawed from the start.

This process of trying things out and sometimes
getting it wrong is a crucial part of how mathematics
works. It’s important to show the whole journey of
discovery, not just list the final results. The main
goal of this paper isn’t to just present a new way
of defining factorials, but to provide a peek into the
thought process that got us there.

The final result on its own isn’t worth much com-
pared to the careful, step-by-step process we used to
find it. That’s why this series of papers spends time
looking at the parts of math that don’t work out,
not just the successes.

5.5 Synopsis

To sum up, Section 5 was about introducing the
concept of multifactorials and developing various
definitions that describe it. We expanded its do-
main to negative integers down to n = —m + 1 to
simplify its recursive formulation, and found that the
[ [-products can be also extended to this domain as
well.

Let’s wrap up this section by listing the different
ways we’ve defined the multifactorial.

First, we have the recursive definition:

nlmy =n(n —m)lpmy, neZt,  (Eq. 5.26)
where
nlmy =1, {n€Z]-m<n<0}. (Eq 527)

Next, we have the falling product definition:
s
H (n—mk), {ne€eZ|—-m<n}.
k=0

(Eq. 5.3.4)

nhm) =

Finally, the rising product definition of the multi-
factorial is defined as:

7]

Wy =[] (mk—(—n) modm), (Eq. 5.4.6)
k=1
where
{neZ| —m<n}. (Eq. 5.5.1)

These definitions summarize what we’ve learned
about multifactorials so far. Now we’re ready to look
at how multifactorials extend to all negative integers.
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6 Omnifactorial

6.1 Introduction

This section extends multifactorials to include all
integers, introducing the omnifactorial (n!,,), a term
coined in this paper. We will first determine omni-
factorials for all negative integers, then define them
in four different ways: recursively, as a Roman-like
expression, and with two [[-product definitions. We
will focus on the triple factorial before generalizing
the concept to all omnifactorials.

We will start by focusing on the triple factorial
and then briefly explore factorials of order 4 before
generalizing the concept to all omnifactorials.

6.2 Negative non-multiples of m

To begin, let’s expand the domain where multifac-
torials are defined by using their recursive relation,
similar to the approach used for negative odd n!s in
Subsection 3.2.

The recursive property that links one multifacto-
rial to a larger one is iterated as follows:

(n + m)!(m)

nrm n € Zg.

nl(m) = (Eq. 5.1.3)

For factorials of order 3, the relation becomes:
_ (n + 3)!(3)

3) n+3
This equation is defined for non-negative integers,

but our goal is to find factorials of order 3 for nega-

tive integers. Let’s evaluate Eq. 5.2.3 for a few neg-
ative numbers to see what happens:

(—1+3)l5 2l

n! n €. (Eq. 5.2.3)

Ny =——2 == =1
(=D =3 2 ’
(2 =53 1 ’

(=315 = ( 33+3)!3 _ 0l _ 1
—-3+3 0 0

It seems that (—1)!3 and (—2)!5 both equal to 1,
but (—3)!3 is undefined.

It’s important to note that extending the domain
of a recursive relation in this manner is just an ap-
plication of Eq. 5.2.3 to a broader domain, assuming
that negative factorials of order 3 exist and are as-
signed certain values.

For now, let’s set aside (—3)!3 and proceed with
the recursive property:

(443l (1

e
(5)ls = (—5513;!3 _ (—f2)!3 _ _%7

(—6+3)l5  (—3)! o
(=6)ts = —6+33: —33:7?'

Clearly, (—6)!3 is undefined because it directly re-
lates to (—3)!3. However, negative integers that are
not multiples of 3 seem to have no issues with their
calculation.

This behavior is illustrated by the figure below:

(=93 (=8)! (=T)ls (—6)l (=5)ls (—4)l;
EIENEEEEE !

-9

Fig. 6.2.1: Undefined values of n!s

The blue lines indicate relationships with larger
factorials of order 3, while the orange arrows show
where the values are undefined due to division by 0.

Let’s gather the factorials of order 3 we’ve identi-
fied in a table to look for possible patterns:

n ‘—9 8 -7 6 -5 -4 -3 -2 -1

nlg‘— o Y4 — - -1 — 1 1

Thl. 6.2.1: n!s with undefined values

We can adjust this table to emphasize patterns
that aren’t immediately obvious. First, we’ll remove
negative multiples of 3 since they currently lack a
definition. Then, we’ll split the table into two, each
containing a different subset of non-multiples of 3.
The first table includes negative factorials of order 3
in which n = 3k + 1:

n ‘ -14 -11 -8 -5 -2 1 4 7

4 28

nly | /sso -1/80 1l/io -1/2 1 1

Thl. 6.2.2: nl3 where n = 3k +1
The second table includes n!s where n = 3k + 2:

n ‘ -3 -10 -7 4 -1 2 5 8

n!3‘1/280 “lag /4 -1 1 2 10 80

Thbl. 6.2.3: n!3 where n = 3k + 2

We observe that negative factorials of order 3 al-
ternate signs as they decrease by 3, and that they
are reciprocals of positive triple factorials with an
offset of 3.

To better understand these patterns, let’s edit the
previous tables by highlighting the positive and neg-
ative signs and noting the triple factorials in the de-
nominators. This approach is taken from our anal-
ysis of negative odd factorials of order 2, back in
Subsection 3.2.

The resulting table for n = 3k + 1 is shown below:
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n ‘ -14 -11 -8 -5

n!g‘(+1)/11!3 (=V/g1;  1)/51,  (=1)/215

Thbl. 6.2.4: nl3 where n = 3k + 1 with highlighted
components

The other subset, n = 3k + 2, becomes:

n ‘ -13 -10 -7 -4

n!3‘(+1)/10!3 =D/ng  FD/ay (=D/11g

Thl. 6.2.5: nls where n = 3k + 2 with highlighted
components

There is a clear pattern here, one that can easily
be formulated into a precise mathematical expres-
sion.

Given that the values presented in the tables above
are fractions, we can state that the negative factori-
als of order 3 are given by the following formula:

{n,k € Z|n # 3k}, (Eq.6.2.1)

where f(n,3) and g(n,3) are functions of n. They
will later be generalized to f(n,m) and g(n,m) re-
spectively.

Let’s first focus on the denominator function,
g(n,3). As done previously, we will create a table
to display the outputs that both functions should
yield, corresponding to different values of n:

n -8 -7 -5 -4

nls (/515 (FD/ar; (=Df2ar; (=D/1y
fn,3) | 41 +1 ~1 -1
g(n,3) 55 4!5 215 15

Thl. 6.2.6: Negative factorials of order 3 in terms of
f(n,3) and g(n, 3)

From the table, it is clear that g(n,3) is:

g(n,3) =(—n—-3)l5, {n,keZ|n+#3k}.

(Eq. 6.2.2)

To fully describe the negative factorials of order
3 that are not multiples of 3, we now only need to
determine the formula for f(n,3).

We will proceed by following the same methodol-
ogy employed earlier in this paper when analyzing
the double factorial. Rather than directly deriving
f(n,3), we will first compute f(k,3) for values of
n=3k+1and n=3k+2.

To start with, let’s focus on the case where n =
3k 4+ 1. The following table includes the variables n,
k, and their corresponding values of f(k,3):

n o |-14 -11 -8 -5
k 54 302
Fk,3) | 41 -1 41 -1

Tbl. 6.2.7: The function f(k, 3) in negative n!s where
n=3k+1

Fortunately, there is no need to derive the expres-
sion for f(k,3) from scratch. Tbl. 3.2.4 contains
identical values of k£ and the corresponding outputs
of what was then referred to as f(k). The function
identified at that time was:

flk) = (=D,

Thus, the function we are looking for in this case
will have exactly the same form:

flk,3) = (=)™,

Now, we can transition back to the variable n.
In our current analysis, n is equivalent to 3k + 1,
meaning that k = "T_l . Substituting this expression

into Eq. 6.2.3, we arrive at:

keZ \{-1}. (Eq 3.2.7)

{(keZ|k<-1}. (Eq. 6.2.3)

n+2
f(n,3)=(-1)3 , {keZl|lk<-1}. (Eq. 6.2.4)
This leads to a definition for negative factorials of
order 3 that are 1 above multiples of 3:

(n=3k+1|keZ|k<-1}.

(Eq. 6.2.5)

Having established this formula, we can now seek

an equivalent expression for n = 3k+2. Fortunately,

the analysis required here will be relatively concise.

To begin, we will construct another table, this

time including values of k and the corresponding val-
ues of f(k,3) for these new cases of n:

n!3 =

(—n — 3)'(3) ’

n -3 -10 -7 A4

k 54 -3 2
Fk3) | 41 -1 +1 -1

Tbl. 6.2.8: The function f(k, 3) in negative n!s where
n=3k+2

Coincidentally, the table shown above is identical
to the one presented in Tbl. 6.2.7. This indicates
that the function f(k,3) is the same as before, for
the case where n = 3k + 2:

flk,3) = (1),

By following a similar set of substitution steps as
we did previously, we can derive the definition that
describes n!s for the scenario where n = 3k + 2.

{(keZ|k<-1}. (Eq. 6.2.6)
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Specifically, reverting from k back to n using the

n—

relationship £ = TQ , yields:

n+1
(=13
———, {n=3k+2|kecZ|k<-1}.
(=n=3)ks)
(Eq. 6.2.7)
With this, we conclude our analysis of factorials of
order 3. However, our broader objective is to explore
the general case. Although we could perform a sim-
ilar detailed analysis for factorials of higher orders,
it is not necessary to repeat the process exhaustively
in this paper.
Instead, we list the resulting definitions that would
emerge if we considered factorials of order 4. These
are as follows:

n!3 =

n+3

L DT
(Eq. 6.2.8)

n+2

(-1
n!4—(7n74)'( , {n=4k+2|keZ|k<-1}.
(Eq. 6.2.9)

n+l

L (D%
nly = -y ), {n=4k+3|keZ|k<-1}.

(Eq. 6.2.10)

Now, let’s attempt to identify a connection be-
tween these expressions. It seems that for n = 4k+1,
where [ takes on the values 1, 2, or 3, the only aspect
that changes in the definitions above is the exponent
of (—1) in the numerator.

We can define this exponent as a function of n,
which we’ll call h(n,4). The table below indicates
what this new function would be for the different
values of [:

l ‘ 1 2 3
n+3 n+2 n+1
4
h(n,4) 1 1 1

Tbl. 6.2.9: The function h(n,4) in negative nly
where n = 4k +1

n

It appears that we need to add something to 7
that decreases as [ increases. Notice that the sum
L+ h(n,4) remains constant:

l 1 2 3
n+3 n+2 n+1

h(n,4) ) 1 1
l n+4 n+4 n+4

Thl. 6.2.10: The sum L + h(n,4) in negative nly
where n = 4k +1

In other words, we have discovered that:

l n
-+ h(n,4)=—+1.
) =T
By solving for h(n,4), we arrive at an expression
for this function:

l

h(n,4) :nT_—i—l, I={1,2,3}.

However, the variable [ is not a proper indepen-
dent variable in this context and needs to be con-
verted into a function of n.

Recall that | was initially defined as the number
added to 4k to express n. Given that n =4k +1, we
can apply modular arithmetic to this equation and
solve'® for I:

n =4k +1=nmod 4 = (4k + ) mod 4
=nmod4=1.

Therefore, h(n,4) becomes:

— nmod 4
h(n,4):%+l.

We have now established a generalized formula
that describes negative factorials of order 4 that are
not multiples of 4. This expression essentially com-
bines the definitions Eq. 6.2.8 through Eq. 6.2.10 into
a single expression:

(Eq. 6.2.11)

n—n mod 4

(-
(771 — 4)'(4) ’

(nk€Z |n+#4k}.

(Eq. 6.2.12)
Before generalizing this to the broader case of the
omnifactorial, we need to verify whether such an ex-
pression would also work for m = 2. If it does, then
Eq. 6.2.11 must align with the corresponding expres-
sion in Eq. 3.2.9.
In other words, if we replaced instances of the
number 4 in Eq. 6.2.11 with 2, it should match the

expression "TH for odd numbers. Let’s verify:
— d?2 -1 1
%4—12712 +1:n—2|— , mnisodd.

Indeed, the expression holds true. A quick check
for factorials of order 3 also yields the definitions we
derived earlier in Eq. 6.2.5 and Eq. 6.2.7.

In conclusion, we can now state the general for-
mula for the negative omnifactorials that are not
multiples of m:

n—n mod m
)

(—Tl — m)'(m)

+1

, {n,k€Z™ |n#mk}.

(Eq. 6.2.13)

In summary, we have established a formula that

applies to n!,, when n # mk. In the next subsection,

we will determine the values for those undefined om-

nifactorials that we initially skipped. These expres-

sions will be unified in Subsection 6.4, culminating
in the Roman-like definition of the omnifactorial.

nly, =

15 Actually, we can only solve for I mod 4, but since [ is set
as an integer between 1 and 3, then [ mod 4 = 1.
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6.3 Negative multiples of m

Now that we have a clear definition for negative
omnifactorials, it’s time to explore the undefined val-
ues we previously skipped.

We'll begin by examining what negative omni-
factorial multiples of m might look like, using the
known cases for factorials of order 1 and 2 as our
foundation. Following this, we’ll work towards defin-
ing them in a manner similar to how we defined non-
multiples of m.

Let’s start with factorials of order 3, as they rep-
resent the next simplest unexplored case. Here are
the values we discovered by extending the domain of
n!3 using their recursive property:

n ‘ -11 - -10 8 -1 5 4 -2 -1
1/10

Thl. 6.3.1: n!3 without undefined values

n!3

-1/go  -1/28 g -t -1 1 1

As we’ve seen before, they are reciprocals of triple
factorials with alternating signs. To better under-
stand this pattern, let’s expand their product:

11 1 1 1
—10)2 = (=10) » —— » — . —
(=10)t5 = (=10) ~10 -7 —4 1 28’
11 1 1 1
(—11)l3 = (—11) - —— =

11 -8 —5 -2 80
Taking this a step further, we would get:

1 1 1 1 1
(12 =12 =55 55 55 37 e
It’s important to note that (—12)!3 is currently un-
defined in our existing framework. Up to this point,
we’ve explored negative omnifactorials by expanding
their recursive properties, which fail to evaluate at
certain numbers. This approach led us to identify
negative omnifactorials that are not multiples of m.
We propose that these examples demonstrate a
method for determining values for the previously
undefined factorials. While we don’t yet have es-
tablished values for them, we suggest using this ap-
proach to calculate them. This reasoning aligns with

the logic we applied to negative even double factori-
als.

Let’s see what other values of n!5 can be found in
this manner:

(125 = (=12)  —— - =

Interestingly, these are also reciprocals of positive
triple factorials, with alternating signs. This pattern
applies to all omnifactorials, regardless of the order
m.

The following table gathers them all in one place:

n ‘ -15 -12 -9 -6 -3

nls | Y1944 -l/162 /18 -1/3 1

Thl. 6.3.2: Negative n!3 where n = 3k

Now that we have these values, our next step is
to formulate a definition that generates them. We’ll
approach this systematically like before, beginning
by expressing these factorials as:

{n,k€Z|n=3k}, (Eq.6.3.1)

where f(n,3) and g(n,3) are functions we’ll deter-
mine shortly.

It’s clear that g(n,3) is the same as before:

g(n,3)=(—n-=3)l3, {n,ke€Z|n=23k}.
(Eq. 6.3.2)

Before proceeding, let’s take a moment to look at
omnifactorials in more detail. The large table below
shows n!,, values up to m = 5, giving us a wider
perspective on these variations of the factorial. It
is by seeing the bigger picture that we can uncover
insights, helpful in our goals.

n -8 -7 -6 -5 4 3 -2 -1 0 1 2 3 4 5 6 7 8
nly | -1/s040 /720 -Y/120 /24 -l /2 -1 1 1 1 2 6 24 120 720 5040 40320
nly | Yas Vs Ys s i 1 1 1 1 1 2 3 8 15 48 105 384
nly | 1w s s a1 1 1 1 11 2 3 4 10 18 28 80
nly -1/4 -1/3 -1/3 -1 1 1 11 1 1 2 3 4 5 12 21 32
nls -1/3 -1/2 -1 1 1 1 1 1 1 1 2 3 4 5 6 14 24

Thbl. 6.3.3: Omnifactorials
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Let’s now return to our main task. We’ll now set
n = 3k where k is an integer, and create this table:

n -12 -9 -6 -3

nls (=Dfg1y /61y (=1/31;  (+1)/o1,

k -4 -3 -2 -1
f(k,3) -1 +1 -1 +1

Thl. 6.3.4: Negative n!s in terms of f(k,3)

At this point, the pattern should be clear enough
to predict what comes next. We can see that
f(k,3) = (=1)**! and by setting k = 2 we arrive
at our desired definition:

(-5

nly = ——2———
(—n — 3)!(3)

{n=3k|keZ}.

(Eq. 6.3.3)
This process can be repeated for factorials of
higher orders. For m = 4, we would get:

(nit {n=4k|kez}
—— {n= € .
(—n — 4)'(4)

(Eq. 6.3.4)
You are encouraged to verify this on your own.
The general case turns out to be of the form:

n!4 =

(_1)%4—1 B
———— {n=mklkeZ }.
(771 — m)'(m)

(Eq. 6.3.5)

Since this result comes from intuition, we should
check it for small m values that match known defi-

nitions. For m = 1, we get:

nl, =

(~nTH
(—n =Dy’

which is similar to the original definition of the Ro-
man factorial:

B (_1)7n71
an - (—’I’L— 1)| )

nly = nez, (Eq. 6.3.6)

nez . (Eq. 1.5.1)

In fact, they only differ in the exponent of the
numerator. However, upon closer inspection, we find
they are actually equivalent:

1 1
VRSV

G = (=1)"+!.

Now, let’s examine the case of m = 2:

(-2 +

—~ 2 {n=2%|keZ}.
(—n — 2)'(2) { | }

(Eq. 6.3.7)
Indeed, this matches exactly what we found earlier
in Subsection 3.3:

(-1t .
sy NEZL yen -
(—n — 2)'(2)

’ﬂ!g =

nly = (Eq. 3.3.5)

This verification concludes our exploration of neg-
ative multiples of m. It’s worth noting that this sub-
section was concise, which suggests our intuition was
on target. Through our in-depth analysis of the pro-
cedures in this study, we’ve developed skills to better
assess how to formulate generalized definitions.

6.4 Roman-like definition

Let’s now attempt to unify the expressions that
describe omnifactorials for negative integers. For
non-multiples of m, the omnifactorial is given by:

(_1) n—n ;Eod m g
n'm = | ’
(—n — m)(m)

{n,k € Z™ |n # mk}.

(Eq. 6.2.13)
For cases where n = mk, the definition is slightly
different:

(_1)%+1 B
——— {n=mkl|keZ}.
(—n — m)'(m)

(Eq. 6.3.5)

At first glance, the two expressions differ only in
the exponent in the numerator. To better under-

stand this difference, let’s compare them directly:

nl, =

n # mk ‘n:mk‘
n —n mod m n
—+1 —+1
m m

Thl. 6.4.1: The exponents of the numerators in the
Roman-like definitions of the omnifactorial

To further simplify, we can eliminate the common
terms and focus on what differs. By subtracting the
term > + 1 from both cases, we get:

n # mk ‘n:mk

n mod m '
- 0
m
Thbl. 6.4.2: The discrepancies of the numerators in
the Roman-like definitions of the omnifactorial

There are multiple ways to reconcile these two
terms, such as introducing a F.F. that becomes 0
whenever n = mk. However, there’s a more straight-
forward approach.

Consider what happens to the term % when
n = mk:
n mod m mkmodm_O_O
m m S m

Interestingly, this means that the expression ini-
tially defined for non-multiples of m also works for
multiples of m without requiring any modifications.

This result wasn’t premeditated, as the method-
ology of this work involves deriving results through
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a structured process rather than guessing or forcing
outcomes. In this case, the process led us to a unified
result that required no further adjustments. Had the
analysis been more complex, it would have been fully
documented, as we did when our assumptions didn’t
hold in Subsection 5.4.

In conclusion, we can generalize the definition of
negative omnifactorials as follows:

n—n mod m

(_1)7m +1

(77’L — m)'(m)

nly, = , n€Z . (Eq.6.4.1)

Thus, the piece-wise Roman-like definition of the
omnifactorial, including the case for n € Zar, is:

1! (m) , n€Z
[n]lm = (71)%4_1
1 , NnE€ZL,
(= —m)! ()
(Eq. 6.4.2)
where the multifactorial is recursively defined as:
nlmy =n(n—m)lmy, ne€Z",  (Eq. 5.2.6)
with the base case
oy =1, {n€Z] -—m<n<0}. (Eq 527)

Eq. 6.4.2 successfully completes our goal for this
subsection. The two cases of the definition will be
unified later in Section 7 in the same way as the
factorials of orders 1 and 2 were generalized.

6.5 Recursive definition

In this subsection, we aim to establish the recur-
sive definition of the multifactorial. While it has
already been defined for positive integers, Eq. 5.2.6
extends it to include values down to (—m + 1), .
However, we now need to define omnifactorial val-
ues that fall outside this range.

Let’s begin by revisiting the recursive definition of
the Roman factorial:

nn—1)4 , neZ"
nh =9 (n+1)Y (Eq. 1.5.4)
T Z=\{-1
TR ez,
where
O = (1)l =1. (Eq. 1.5.5)

Similarly, the recursive definition for the factorial
of order m = 2 is given as:

nn—2)y , neZ"
nly =4 (n+2),
n+2 ,TlEZ \{717*2}3
(Eq. 3.5.4)
where
0y = (—1)ly = (=2)ly =1 (Eq. 3.5.5)

From these, we can speculate on the recursive def-
inition for m = 3, which would be as follows:

nn—-3)3 , neZ"
nls =1 (n+3)l
A Z=\{-1, -2, -3
n + 3 , n S \ { ) ) } )
(Eq. 6.5.1)
where
03 =(-1)l3=(-2)!3=(-3)!35=1. (Eq.6.5.2)

To derive this, we replaced instances of 2 with 3,
added the additional seed (—3)!3 = 1, and excluded
—3 from the domain of the second case.

To verify that these seeds are sufficient to define
the factorial of order 3 recursively, consider the fol-
lowing illustration:

(=6)15 (=5)15 (—4)l5 15 255 3l

Fig. 6.5.1: nl3 recursiveness

The figure demonstrates that the seeds —3 to 0
are indeed enough to define the factorial of order 3
recursively, as we have previously seen on the case
of n!(3) in Subsection 5.2.

This is intuitive since, typically, three seeds are
needed to define a recursive relationship for inputs
spaced apart by 3. However, the pair —3 and 0 can-
not be linked through the triple factorial’s recursion
due to division by 0. Consequently, we set these val-
ues as fixed starting points, stating that the recursive
cases in Eq. 6.5.1 do not apply to them.

With the case of m = 3 examined, we are prepared
to generalize. The simplicity of the expressions al-
lows us to move forward without further detailed
analysis.

To generalize, we need a compact expression to
describe the seeds and a similarly concise domain
for the second case.

To properly set all the required seeds, we can ap-
ply the following expression:

nly,=1, {n€eZ|l —-m<n<0}. (Eq.6.5.3)

Now let’s focus on the domain of the second case.
For m = 1, it excluded —1, as indicated by the set
n € Z~ \ {—1}. For m = 2, the corresponding do-
main excluded —1 and —2. For m = 3, the value —3
was excluded as well.

This can be generalized as the domain of all nega-
tive integers excluding the first m numbers, written
as:

{neZ|n<—m}. (Eq. 6.5.4)

This equation selects only those integers less than
—m, aligning with the definitions for m = 1 through
m = 3.
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By replacing instances of 3 in Eq. 6.5.1 with m
and adjusting the seeds and domains accordingly,
we arrive at the general recursive definition of the
omnifactorial:

n(n—m)l, , neZt
nly, = n+m)l,
g , {n€Z|n< —m},
n+m
(Eq. 6.5.5)
where
nlyp,=1, {n€Z| —-m<n<0}. (Eq.6.5.3)

The two cases of this definition will be unified in
Section 7, similar to how the cases for m = 1 were
unified in Part 1 and for m = 2 in Section 4.

6.6 Falling product definition

In this subsection, we will derive the falling prod-
uct definition for the omnifactorial. Instead of start-
ing from scratch, we will build upon the falling prod-
uct definitions for factorials of orders 1 and 2.

We begin with the known definition for m = 1:

—n—1
1
. =n. I -
nly =n H TR nez . (Eq. 3.6.1)
k=0
For m = 2, the definition is:
2]
ly = R 7Z=. (Eq.3.6.2
nlo =n H TR n e (Eq. 3.6.2)

k=0

To generalize this for any order m, we need to
adjust two components: the upper limit of the []-
product and the expression inside it.

The latter adjustment is straightforward because
the term (n+mk) ! effectively represents the factors
in a falling product for this context. In essence, n!,,
can be expressed as a product of negative reciprocals
of every m-th integer, in line with the factorial order.

From Subsection 5.3 we know that the upper limit
of the falling product of n!(,,) is (%w — 1. This same
form, with a negative sign in front of n, applies to
the falling product definition of negative factorials
of order 2.

This is accurate because the expression reflects the
total number of factors in the product, which is [%1
when counting from 1. The behavior of the omnifac-
torial discussed in Subsections 6.2 and 6.3 confirms
this pattern.

Thus, we generalize the falling product definition
for the omnifactorial by replacing instances of 2 in
Eq. 3.6.2 with m:

A
H n+mk’

k=0

nez .

(Eq. 6.6.1)

Let’s verify this result by testing it for m = 3.
Here are three examples that represent every subset
of integers when divided by 3:

1
(*6)'3—(*6)' kl;[o m
=1 11 1
OO0 S =00 g =g
FI
(D=7 [ ——;

2
1 1 1 1 1
:—8 7:_8.7.7.7:7.
(=8) kI=Io e A ) - S 17

These calculations confirm that Eq. 6.6.1 works
well for m = 3. Testing for m = 4 provides further
validation:

[4]-1
(-9)=(9- []

k=0
2
1 1
=(=9)-J] —— = (—9). — . — . — — .
( >k1;[()—9+4k =9 =% % 575

You are encouraged to further test Eq. 6.6.1 with
additional values or factorial orders, but its simplic-
ity suggests that it will generally hold true without
extensive verification.

This completes our examination of the falling
product definition. Next, we will explore the rising
product definition, followed by a summary of the re-
sults and conclusion of Section 6.

6.7 Rising product definition

In this subsection, we derive the rising product
definition for the omnifactorial. We will build upon
the definitions for rising products in factorials of or-
ders 1 and 2, using out understanding to generalize
to the omnifactorial case.

We start by recalling the definition for m = 2:

—nNn
A
ly=n- - 7.
2 =n kl;[l —2k+nmod?2’ ne
(Eq. 3.7.3)
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Let’s also remember the multifactorial as a rising
product:

[ ]
() = H (mk — (—n) modm), neZ'.
k=1

(Eq. 5.4.6)

We can immediately generalize, since we now un-
derstand a few key concepts deeply and can build
from what we have.

To begin with, we first address the upper limit of
the [[-product. For the omnifactorial, this limit will
be the expression {*ﬁ"], because it correctly reflects
the number of factors in the final product, consistent
with the multifactorial case.

Next, the factors of the product are the recip-
rocals of integers, specifically of the form (mk —
(—n) mod m). This expression is used in the rising
product definition of the multifactorial, and it only
changes the order of the factors. For the omnifacto-
rial, the terms should be the negative reciprocals of
the expression (mk — (—n) mod m).

However, when dealing with negative integers,
(—n) mod m becomes n mod m. This discrepancy
arises because (—n) mod m is different from n mod
m, and directly substituting —n could lead to incor-
rect results.

To align the rising product terms for negative inte-
gers with those of positive integers, we must adjust
the expression to use n in place of —n. This ad-
justment ensures the modular arithmetic works as
intended for negative integers.

Let’s consider two examples for clarity. First, 11!y
is the product 3-7-11, or in other words, the product
of the terms 4k — 1, where k ranges from 1 to 3.

Second, (—11)!4 is equal to = - 2= because nega-
tive factorials do not include n in their product ex-
pansion. Importantly, it involves terms of the form
—(4k — 1), confirming consistency in the pattern
when adjusted for negative integers.

The expression 4k —1 is the result of (—n) mod m,
when n is a positive number. In order for it to be
valid for negative integers, we need to change —n to
n. Now, the expression behaves as intended.

Thus, the rising product definition for the omni-
factorial is:

[
nly,=mn- H

k=1

]

1

7.
—mk +nmodm’ ne

(Eq. 6.7.1)
Indeed, it works perfectly. To verify, let’s calculate
an example:

o

(=Dl =(=7)- ;El "4k + (—7) mod 4

2

1 1 1 1
B ! el e i R S

This result confirms the correctness of Eq. 6.7.1
and completes Section 6.

In conclusion, we have derived the rising product
definition of the omnifactorial. We will now summa-
rize the results and prepare for further generaliza-
tions in Section 7.

6.8 Synopsis

In short, Section 6 has explored the expansion of
the multifactorial to include negative integers and
sought to establish various definitions that describe
it. We have developed 4 definitions in total, and we
list them below.

The recursive definition of the omnifactorial is
given by:

nn—m)y, , neZ"
nly = n+m),
(ntm) , {n€Z|n< —m},
n-—+m
(Eq. 6.5.5)
where
=1, {n€Z| -m<n<0}. (Eq.6.5.3)

The Roman-like definition of the omnifactorial is
as follows:

! (m) , neLd
[n]l, = (‘UWH
' , n €L,
(=n —m) ()
(Eq. 6.4.2)
where the multifactorial is defined recursively as:
nlmy =n(n—m)lmy, neZ*,  (Eq 5.2.6)
with seeds given by:
oy =1, {n€Z] —m<n<0}. (Eq 527)

The falling product of the omnifactorial is of the
form:

neZ . (Eq.6.6.1)

nly,=n-

;nw 1
I+
o + mk
Finally, the rising product definition of n!,, was
found to be:

[
nly,=n- H

k=1

1

, cZ .
—mk + n mod m "

(Eq. 6.7.1)

In the next section, we will unite these relation-
ships with their positive counterparts, and reach
universal definitions that describe the omnifactorial
across all integers in a single expression.

These definitions collectively offer a comprehen-
sive framework for understanding the omnifactorial
across all integers. In the upcoming section, we will
integrate these definitions with their positive coun-
terparts to formulate unified expressions that encap-
sulate n!,, across all integers in universal definitions.
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7 Omnifactorial generalizations

7.1 Introduction

In this section, we will consolidate the piece-wise
definitions of the omnifactorial introduced earlier
into unified forms. The generalization process will
follow a similar approach to what was used for fac-
torials of orders 1 and 2.

We will start by combining the two cases of the re-
cursive definition, followed by unifying the Roman-
like definition of the omnifactorial. Next, we will
address the two []-product definitions in a similar
manner. Finally, we will present the generalized re-
sults and bring this paper to a conclusion.

7.2 Recursive definition step 1: 6(n)

In this subsection, we will unify the two cases of
the recursive definition of the omnifactorial. This
generalization closely mirrors the process followed
in Section 4, but we will revisit the steps here.

Let’s start by recalling the recursive definition:

nn—m)l,, , neZt
2l = (n+m)ln
(ntmtn , {In€Z|n< —m},
n+m
(Eq. 6.5.5)
where
nlp,=1, {neZ| —-m<n<0}. (Eq.6.53)

To aid in this generalization, we will introduce ab-
breviations for the domains of our piece-wise defi-
nitions. Specifically, for the recursive definition of
the omnifactorial, we define the sets S; = ZT and
Se={n€Z |n<—m}.

Using these abbreviations, we can rewrite the ex-
pression as:

nn—m)l, , ne$
o =4 (n+m)ln, (Eq. 6.5.5)
—— , nESy.
n+m

Now, let’s proceed with the first step of the gener-
alization process. As seen in Subsection 4.2, we can
rewrite the cases as follows:

" (n+m)~t-(n—=m(=1))lm , n€ES,.

, MES;

This highlights the points where the F.F. 8(n) ap-
plies, defined as:

_5(’!1)_ 1 ,TLESl
9(”)—6 _{—1 , NESy.

(Eq. 1.4.2)

Incorporating 6(n) into the definition gives us:

. {ne(") (n—mo(n))ln
= (n+m)*™@(n—mé(n)),, , n€S,.
(Eq. 7.2.1)

s n € S

7.3 Recursive definition step 2: &’'(n)

At this point, the only difference between the two
cases lies in the left-most term. In the first case,
it’s (™ while in the second, it’s (n 4+ m)?). This
difference is shown below:

| (n+0)™ (n—mé(n))!,
nll =
(n+m)?™@(n—mé(n)),, , n€S,.
(Eq. 7.3.1)
The term that varies between 0 and m can be
generalized as m &’(n), defined as:

s n €S

;v m—mbn) O , nesS;
mé(n)_ 2 _{m , MESy.
(Eq. 1.4.4)

Substituting this into Eq. 7.2.1, we obtain:

(n—|—m£’(n))9(n) (n—mb(n))l, , ne$

(n+ mf'(n))e(n) (n—mb(n)m , n€S,.
(Eq. 7.3.2)
Therefore, the two cases can be merged into a sin-
gle expression. The generalized recursive definition
of the omnifactorial for all integers is defined as:

nly, = (n+ mf'(n))g(n) (n—=m0(n))m, neby,
(Eq. 7.3.3)
where
Dy={neZin<—-morn>0}, (Eq. 7.34)
and
nly,=1, {n€eZ|l —-m<n<0}. (Eq.6.5.3)

The set Dy represents the domain in which the
generalized recursive definition of the omnifactorial
is valid.

7.4 Roman-like definition step 1: n(n, m)

In the following subsections, we will merge the
piece-wise definition of n!,, that mirrors the Roman
factorial. The Roman-like piece-wise definition of
the omnifactorial is presented as:

n!(m) , nE€LS
Ln}!m = (_1)n—n god m g
' , n €L,
(=n —m) ()
(Eq. 6.4.2)
in which the multifactorial is defined recursively as
nlimy =n(n—m)ly, neZT, (Eq. 5.2.6)
with

nly =1, {R€Z| —m<n<0}. (Eq.5.2.7)

In Subsection 4.4, the first move was to introduce
the function 7(n,2) to substitute the numerator in
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the second case of Eq. 3.4.8. Now, we need to de-
fine n(n,m) in such a way to fit within our current
generalization.

Despite the complex exponent of (—1) in the sec-
ond case of Eq. 6.4.2, the base simplifies to (+1)
for positive integers, making it equal to 1 for that
domain and leaving the first case unaffected.

Therefore, we define n(n,m) as:

n—n mod m

n(n,m) =0(n) w1,

While unnecessary for this paper, in the previous
one, we extended F.F. to apply to all real numbers.
We choose to continue that practice by checking if
the exponent of 7(n, m) is always an integer, prevent-
ing complex outputs. Luckily, % is already
an integer, even for any real n. This is detailed in
Addendum 10.6.

Proceeding with the generalization, substituting

n(m,n) into Eq. 6.4.2 gives:

neR. (Eq 7.4.1)

n(n,m)-nly , ne€Z
[nln = , (Eq. 7.4.2)
o BTSTE
(—77, — m)(m)

7.5 Roman-like definition step 2: 6(n)

From this point, the generalization follows the
same steps as in Subsections 4.5 and 4.6. Our next
task is to emphasize the exponent of the omnifacto-
rial to introduce another F.F.:

1

0]ty = {n(n,m) . (n!(m)) , nE Zg‘
nin,m) - [(—n—=m)lom] ~ . neZ.
(Eq. 7.5.1)

This is another instance where 6(n) is used, de-
fined as:

s 1
9“”|&m|{—1

We can now incorporate (n) into Eq. 7.5.1 to ob-
tain:

, nE€LS
, ne€Z.

(Eq. 1.4.2)

O(n
™ e
moT O(n _
n(n,m) - [(—n — m)!(m)] (n) , nel .
(Eq. 7.5.2)

Next, let’s clear up the expressions. We will use
|n| to simplify them further:

o(n
ol n(n,m) - n]1 0 , neZf
n(n,m) - (In| — m)!(esg) , NEZL.
(Eq. 7.5.3)

7.6 Roman-like definition step 3: &'(n)

For the final step, note the subtraction of m from
|n| in the second case, which is not present in the

first. This distinction is highlighted below:

I KR (e
n)ly =
n(n,m) - (|n| — m)!(if;;) , nEL.
(Eq. 7.6.1)

This behavior matches how £'(n) operates when
multiplied by m:

m—m6(n 0 , neZf
me/(n) = "= ( ):{m nel
(Eq. 1.4.4)

Substituting this expression unifies the two cases.
The result is:

oy, = J - (el mg (m)loy . nes
" ) - (nl - mE @D nez
(Eq. 7.6.2)

Thus, the generalized Roman-like definition of the
omnifactorial is as follows:

[0l = n(n,m) - (In] = m& )10\, nez,

(Eq. 7.6.3)
where the multifactorial is defined as
nlimy =nn—m)my, ne€ZT, (Eq. 5.2.6)
with
nlmy =1, {n€Zl-m<n<0}. (Eq 52.7)

7.7 ]]-product definitions step 1: |n|

In the upcoming subsections, we will generalize
the two []-product definitions of the omnifactorial.
They are shown in the form of tables below:

nlm Falling product
[
ne€Zd (n — mk)
k=0

nez"

il

1
H n+mk

Thl. 7.7.1: n!,, as a falling product

nlm Rising product

ne€Zd H n) mod m)

=

1;[ fmk+nmodm

S

L

nez”

Thl. 7.7.2: nl,, as a rising product
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Our first step in the generalization process is to
introduce the absolute value of n, denoted by |n|,
into these definitions. This addition is straightfor-
ward for the falling product. However, in the case
of the rising product, we need to account for the
quantity (—n) mod m. Interestingly, this is equiva-
lent to n mod m when n is a negative integer, which
necessitates substituting —|n| instead of simply |n]|.

The definitions can be rewritten as follows:

nly, Falling product
]
n € Zg (n — mk)
k=0
T

n ez

1
1;[ n—+mk

Tbl. 7.7.3: nl,, as a falling product (generalization
step 1)

nly, Rising product

n€Zg — |n|) mod m)

I (oi-

=1

=

nez”

ol 1
1;[ —mk + ( — |n|) mod m

Tbl. 7.7.4: nl,, as a rising product (generalization
step 1)

Although these generalized expressions might ini-
tially seem complex, it is essential to emphasize that
the generalization process follows a logical progres-
sion. The introduction of |n| and —|n| is a necessary
refinement to ensure consistency across all values of
n. This approach mirrors the generalization we per-
formed for the factorial of order 2, which is itself
similar to its first application, for m = 1.

Regardless the similarities however, in this study
it is considered important to explain everything in
detail and not to skip anything that could be consid-
ered trivial, as this is where mistakes and oversights
usually happen.

7.8 []-product definitions step 2: ®(n)

Our next objective is to handle the term n that lies
outside of the [[-products. As we’ve seen before in
Subsection 4.8, the function ®(n) was made exactly
for this purpose:

1, ne Zg
n, nez .
(Eq. 1.4.10)

(n) = (n+6(n)* " = {

By incorporating ®(n) into our definitions, they
now appear as follows:

nlny Falling product
TR
ne€Zd | ®(n)- H (n —mk)
k=0
T
nez 1;[ n+ mk:

Tbl. 7.8.1: n!,, as a falling product (generalization
step 2)

nln, Rising product

Hﬂ
ne€Zd H

n

n ez ﬁ

Tbl. 7.8.2: n!,, as a rising product (generalization
step 2)

(mk — (= |n]) mod m)

K‘
—._.

-

]

1

In|) mod m

—mk;+(

7.9 []-product definitions step 3: 8(n)

The []-product definitions differ between cases
only through their index terms. To clarify, we
present these terms in the tables below:

Indices | Falling product

n€Zd (n —mk)
7 1

ne n+mk

Thl. 7.9.1: Index terms in the falling product defini-
tions of the omnifactorial

Indices Rising product

n € Zg (mk— (= |n|) mod m)
S/ !

" —mk + (— |n|) mod m

Thl. 7.9.2: Index terms in the rising product defini-
tions of the omnifactorial

The cases of falling product are reminiscent of the
function 6(n). Specifically, the whole expression is
raised to the power of #(n), and the term mk is mul-
tiplied by it as well.
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Applying this modification to Tbl. 7.9.1 leads to
the following updated expression:

Index ‘ Falling product

nez’ ' (n —mk G(n))e(n)

Thl. 7.9.3: Index term in the falling product defini-
tion of the omnifactorial, generalized

Similarly, for the rising product, the modification
involves raising the expression to the power of 6(n)
and multiplying it by the same function (the order
of these operations is irrelevant). The updated ex-
pression is:

Index ‘ Rising product

n € Z ' [H(n) (mk — (= |n]) mod m)]e(n)

Thl. 7.9.4: Index term in the rising product defini-
tion of the omnifactorial, generalized

Therefore, the [[-products are now unified into
two universal definitions.

The falling product definition of the omnifactorial
is hereby defined as follows:

)
0(n)
. H (n—mkO(n))"", nez.
k=0
(Eq. 7.9.1)
Similarly, the rising product definition of n!,, for
n € 7 is:

=000 ] 000 (e = (= ) mod )]

(Eq. 7.9.2)

These results conclude Section 7. A summary fol-

lows, leading into conclusions and wrapping up the
second part of the study.

7.10 Synopsis

In this section, we have generalized the piece-wise
definitions of the omnifactorial into single, univer-
sal expressions by applying the generalization pro-
cess through a few foundational functions.

The generalized recursive definition of n!,, is de-
fined as:

nly, = (n+ mﬁ’(n))e(n) (n—mé(n))l,, nebs,,

(Eq. 7.3.3)
where
Dy={neZ|n<-morn>0}, (Eq.7.34)
and
nly,=1, {n€eZ| -m<n<0}. (Eq.6.5.3)

The generalized Roman-like definition of the om-
nifactorial is as follows:

(0]l = n(n,m) - (In| — mf’(n))!gfg) , n€Z,

(Eq. 7.6.3)
in which the multifactorial is defined as
nmy =n(n—m)lmy, ne 7T, (Eq. 5.2.6)
where
ey =1, {ne€Zl -m<n<0}. (Eq. 5.2.7)

The falling product definition of the omnifactorial
for n € Z is defined as follows:

B
Wl =@m) - [[ (n—mkom)’™, nez.
k=0

(Eq. 7.9.1)
Lastly, the rising product definition of n!,, for all
n € 7 is defined as:

el
nly, = ®(n)- H
k

=1

{H(n) (mk— (—|n|) mod m)} e .

(Eq. 7.9.2)
These results bring Section 7 to a close, and with
it, the conclusion of this paper.
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8 Conclusions

8.1 Summary
In short:

e Section 2: We introduced the double factorial
and found various recursive and non-recursive
definitions that describe it.

e Section 3: We extended the double factorial
into negative integers, naming it factorial of or-
der 2 and found 4 definitions that express it.

e Section 4: We applied the generalization pro-
cess to unify the piece-wise definitions of the
factorial of order 2.

e Section 5: We introduced the multifactorial
and built a few definitions, in a similar manner
to Section 2.

e Section 6: We extended the multifactorial into
negative integers, assigning it the term ommni-
factorial and developed various definitions.

e Section 7: We applied the generalization pro-
cess to unite the cases of the piece-wise om-
nifactorial definitions, resulting in 4 universal
expressions.

Also, In Subsection 7.4 we defined the following
foundational function:

n—n mod m

n(n,m) = 6(n) m T neR. (BEq 7.4.1)

8.2 Results

The results of this paper are laid out in two pages.
This page contains the definitions of nls, while the
next page lists the definitions of n!,,

In Section 4 we consolidated various definitions of
the factorial of order 2. The piece-wise definition of
nly was expressed as:

nn—2)y , neZt
- Z=\{-1, =2
T2 nez \{-1,-2),
(Eq. 3.5.4)
where
0!2 = (—1)!2 = (—2)!2 =1. (Eq 355)

The generalized version is as follows:

nly = (n+280)"" (n—20(n))ly, neb,

(Eq. 4.3.3)
where
Dy={neZ|n#0, -1, -2}, (Eq. 4.3.4)
with
Oy = (Dl =(-2)y =1 (Eq. 4.3.5)

The Roman-like definition of the double factorial
was initially expressed as:

nl(2) , n€LS
[n]l2 = (_1){%%  (Bq.348)
m , n €L,
where
nloy =n(n —2) ), 0l = (=1, nc 7.
(Eq. 3.4.3)

Next, the generalized definition of [n]!s is defined
as follows:

(]l = n(n,2) - (In] =26 ()13, ne,

(Eq. 4.6.3)
where
n!(2) =n(n— 2)!(2) ) 0!(2) = (—1)!(2) =1, neZ".
(Eq. 3.4.3)

The piece-wise [[-product definitions of the dou-
ble factorial were found to be:

nly Falling product

nezt (n —2k)

=0

=]
gl

Thl. 4.7.1: nly as a falling product

_\??'

ner”

n+2k

nly Rising product

|

—
N3

nezt I1 @k —nmod2)
k=1
1
nez " H —2k 4+ n mod 2

>
Il
—

Thl. 4.7.2: nly as a rising product

Finally, the generalized, non-recursive [ [-product
definitions of n!s as a falling or as a rising product
are defined as:

(%1 !
I (n-2k6)"™, nez.
k=0
(Eq. 4.9.1)
% 0
H )-(2k —n mod 2)) (n),nEZ.
k=1
(Eq. 4.9.2)
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In Section 7 we did the same thing for the factorial
of order m, also known as the omnifactorial. Its
recursive definition was iterated as:

nn—m)l, , neZt’
nly = n+m)n,
g , {n€Z|n<—-m},
n+m
(Eq. 6.5.5)
where
nl,=1, {n€eZ| —-m<n<0}. (Eq 6.5.3)

The generalized recursive definition of the omni-
factorial is defined as:

o = (n+m&0)"™ (n=mbm)), neb,,

(Eq. 7.3.3)
where
Dy={neZln<-morn>0}, (Eq.7.34)
and
nlyp,=1, {n€Z| -m<n<0}. (Eq.6.5.3)

The piece-wise Roman-like definition of the omni-
factorial is iterated as follows:

() , n€Zd
2]l = (_DWH
| , n€Z,
(=1 —m) )
(Eq. 6.4.2)
in which the multifactorial is defined recursively as
nlimy =n(n—m)lmy, neZt,  (Eq 5.26)
where

nlmy =1, {R€Z| -m<n<0}. (Eq.52.7)

The generalized Roman-like definition of the om-
nifactorial is as follows:

(2]l = n(n,m) - (Jn| = m& )0, ne,

(Eq. 7.6.3)
in which the multifactorial is defined as
iy =n(n—m)lomy, neZ, (Eq.5.2.6)
where
oy =1, {ne€Zl-m<n<0}. (Eq 52.7)

The [[-product definitions of nl,, are shown in the
form of tables below:

nly Falling product
] -1
H (n —mk)

=0

(ﬁ]*

n € Zg

1
n + mk

n ez H

Thl. 7.7.1: nl,, as a falling product

nly Rising product
o

nGZS‘ H

5

—

) mod m)

n ez

1;[ —mk+nmodm

Thl. 7.7.2: n!,, as a rising product

The generalized falling product definition of the
omnifactorial is defined as follows:

]
H (n —mk Q(n))e(n) , neEZL.
k=0

(Eq. 7.9.1)
Lastly, the generalized rising product definition of
n!,, for n € Z is defined as:

nly, = ®(n)

[
" 6(n)
n)- H {0(n)(mk—(—|n|) mod m)] .
k=1
(Eq. 7.9.2)

Note that the generalized definitions of the fac-
torial of order 2 differ significantly from those of
the omnifactorial. This is primarily due to the role
of modular arithmetic, which simplifies considerably
when m = 2.

For example, in defining the Roman factorial for
orders 2 and m, we introduced the function n(n,m)
to aid in our generalization. Initially, this function
relied on rounding up to the nearest integer, but we
later adapted it to incorporate modular arithmetic.

These differences, while ultimately equivalent,
highlight the necessity of re-generalizing from the
base case each time we introduce a new factorial
variation, rather than simply modifying an existing
generalized definition that applies to a narrower do-
main.

In the next part, we will explore a continuation of
the factorial into non-integers. We will initially ex-
amine the Gamma function, but ultimately choose
an alternative way to define this variation of the fac-
torial. We will create definitions for positive and
negative numbers separately, then combine them
into unified expressions using the generalization pro-
cess. This approach will be extended to the double
factorial and the multifactorial, leading to expanded
definitions of the omnifactorial that encapsulate all
real numbers.
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10 Addendum

Some entries include information from Part 1, but
have been slightly updated to match the needs of
this paper.

10.1 Number sets

A set is a fundamental concept in mathemat-
ics, representing a collection of distinct elements or
members [6] [7]. Certain sets are so essential in
mathematics that they are given special names and
notations, often denoted in blackboard bold typeface
(e.g. Z). Below are some of the most common ones:

Set Description Example
N,Z* | Natural numbers 1,2,3,4---

No N with 0 (or Zg) 0,1,2,3---

/ Integers s -2.-1,0,1 -

Q Rational numbers  1/2,-5/4,0.01 - - -

R Real numbers V2, e, ¢

I Imaginary numbers 4, 9.77, -i/25 - - -

C Complex numbers 1 +4, /3 —6i ---

Thbl. 10.1.1: Common number sets

It is important to note that the set C encompasses
all real and imaginary numbers. For example, the
numbers 2 — 34, 5.2¢, and 4 are all elements of the
complex number set.

By combining these number sets, we can define
other sets. For instance, the set of all real numbers
excluding negative integers can be expressed as:

R\Z,

where Z~ represents the set of negative integers.

Additionally, a number set denoted with an aster-
isk (*) typically excludes the number 0. For example,
Z* represents the set of all integers except 0.

When a set cannot be easily represented by a list
of elements, there are two common notations for ex-
pressing it in detail. For example, the set of all pos-
itive odd integers except 1 can be written as:

Zgaq \ {1}

Alternatively, we can use set-builder notation, a
method that concisely defines sets with more com-
plex characteristics. For example, the set of all real
numbers n greater than or equal to 3 is represented
as:

{neR|n >3}.

In this paper, we frequently utilize sets that in-
clude all integers except for specific values, using the
notations described above. Whenever such a set is
introduced, its domain is briefly explained.

10.2 Double factorial

The double factorial [8] is not to be confused
with the factorial function iterated twice (sequence
A000197 in the OEIS), which is written as (n!)! and
not n!!. The discrepancy is shown in these examples:

(31) = 61 = 720,
3N=3.1=3.

The term odd factorial is sometimes used to refer
to the double factorial of an odd number, while semi-
factorial has been used by Knuth as a synonym for
double factorial. We will not use these terms here.

In a 1902 paper, the physicist Arthur Schuster
wrote about the double factorial:

I propose to write n!! for such products, and
if a name be required for the product to call
it the "alternate factorial" or the "double
factorial".

Bruce Elwyn Meserve states in 1948 that the dou-
ble factorial was originally introduced in order to
simplify the expression of certain trigonometric inte-
grals that arise in the derivation of the Wallis prod-
uct. Double factorials also arise in expressing the
volume of a hypersphere, and they have many appli-
cations in enumerative combinatorics.

An interesting property of the traditional factorial
is that it can be expressed as the product of two
double factorials. This can be illustrated with the
following examples:

N=7-6-5-4-3-2-1
=7.5.3.1-6-4-2
=Tl 6!,

6!=6-5-4-3-2-1
=6-4.2.5.3-1
= 6!!-5!.

This property is formalized in the following equa-
tions:

nl=nll-(n-1!, neZt, (Eq. 10.2.1)
1)!
nll — ((::1))” . nezt. (Eq. 10.2.2)

We will list two more double factorial identities.
Firsly, for an even non-negative integer n = 2k with
ke Zar , the double factorial may be expressed as

(k) =28kl ke Zd. (Eq. 10.2.3)

Secondly, for odd n = 2k — 1 with k£ € ZT, com-
bining Eq. 10.2.2 and Eq. 10.2.3 yields

2k)!
ey 2

Furthermore, Ramanujan found this closed-form
sum that relates n!! with the Gamma function:

S o @D T T 77
2 (1) { @) ] [r<5/4>r<7/s>]
(Eq. 10.2.5)

keZd.

(Eq. 10.2.4)
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10.3 Gamma function

The Gamma function is fundamental in many
mathematical fields, including analysis, combina-
torics, and number theory. It also has widespread
applications in probability theory, particularly in
continuous probability distributions.

Mathematically, it is expressed by the following
integral:

I'(2) :/ 2 e "dr, x€C\Z . (Eq.10.3.1)
0
The Gamma function is defined for all complex

numbers except non-positive integers. It is visual-
ized graphically for real numbers through this plot:

12

Sk

Fig. 10.3.1: The Gamma function I'(z)

It is closely related to the traditional factorial by
the equation written below'®. There is an offset of
+1, which exists only because of how the Gamma
function is defined in Eq. 10.3.1:

Fn+1)=n!, neR\Z . (Eq. 10.3.2)

Notably, the factorial as defined by the Gamma
function is recursive, following the relationship:

nl=nn-1)!, neR\Z . (Eq. 10.3.3)
The recursive property of the factorial can be

rewritten using the Gamma function, like so:
I'n)=n-T(n—1), neR\Z . (Eq.10.3.4)
Therefore, the Gamma function allows us to repre-

sent the factorial for all real numbers except negative

integers. It takes the form:

oo
nl = / 2"e Fdx, meR\Z" . (Eq.10.3.5)
0
Alternatively, it can be written as:
nl = / e V%z, neR \Z~. (Eq.10.3.6)
0

161n the last part of this study, we will propose a factorial
expansion to the domain of complex numbers, alternative and
independent to the Gamma function.

Let’s briefly discuss an important property of the
Gamma function: it is logarithmically convex. This
means that In (F(n)) is a convex function, as per the
Bohr-Mollerup theorem.

Graphically, this means that for large enough z,
the curve in Fig. 10.3.1 is "bowed" upward in a con-
sistent manner. In other words, the slope of the
curve increases in a smooth way as it moves from
left to right along the x-axis.

Logarithmic convexity is a property that has im-
portant implications in various mathematical con-
texts, including optimization problems, probability
theory, and statistical analysis. The Gamma func-
tion is the only continuation of the factorial to non-
integers that has this property.

The double factorial has a continuous definition,
related to the Gamma function [4]. It is iterated as
follows:

r(n+g) =5 vm

2 n
:n!!:,/23r<"+1).
T 2

Interestingly, this formula yields different results
for even integers. Specifically, they are all multiplied
by \/2/7 , a fraction that does not simplify with the
Gamma function at these values. Odd integers are
calculated as expected, with remedies for this dis-
crepancy explored shortly.

Let’s now analyze what we used for Fig. 2.1.1
and Fig. 5.1.1, which are the figures that depict con-
tinuous extensions of the multifactorial. For the tra-
ditional factorial (m = 1), we used Eq. 10.3.2:

(Eq. 10.3.7)

(Eq. 10.3.8)

nlay=T(n+1), neRy. (Eq. 10.3.2)

For m = 2, we applied a variation of Eq. 10.3.8,
as it is defined in Mathematica [9]:
QZF(ZH), neRY.

'2 =

The trigonometric exponent ensures that all even
double factorials are smoothly adjusted to remove
the \/2/7 term without altering odd values.

For m = 3 and m = 4, we employed the following
[ [-product, discussed in a forum about triple facto-
rial continuations [10]:

l—cosnm

m &k f(n,m,k)
n n km™ m
R AT [
m k=1 F(E + 1)
(Eq. 10.3.10)
where
2 cog 2m(n=k)
fn,mk)y=1+ ——=2— .  (Eq. 10.3.11)
m

These relationships are used solely for generating
Fig. 2.1.1 and Fig. 5.1.1, as non-integer factorials
will be introduced later in this study.



EXPANSION TO MULTIFACTORIALS AND THE OMNIFACTORIAL 43

10.4 []-product

The product operator [], denoted by the capital
Greek letter "pi" (II), is used to represent the prod-
uct of a sequence, analogous to how ) represents
summation [11]. For example, the product of the
first 6 squares of natural numbers can be written as:

6
Hk2:1~4~9-16-25-36.
k=1

The number above [] is the upper limit, and the
one below is the lower limit. In the above example,
the upper limit is 6, and the lower limit is 1. The
variable k represents the multiplicands or factors.

If the product terms increase successively, it’s
termed a rising product, while if they decrease, it’s
known as a falling product.

Specifically, in this paper, we use the terms rising
and falling products to refer to the multiplication
of terms that are negative reciprocals of integers.
This distinction relies on the expression involving k:
if the product includes an expression like n+tk, it
is considered a falling product. Conversely, if n is
absent, the product is regarded as a rising product.

For the [[-product to be well-defined, the upper
and lower limits are typically integers, usually natu-
ral numbers. When both limits are set to a specific
number, the product evaluates to that number:

If there are no factors at all, it results in an empty
product, defined as 1. This happens when the upper
limit is less than the lower limit, regardless of k:

2 2 2
[TE=]]2k=]]* =1.
k=3 k=3

k=3
In summary, the identities are:

n

[Tre=sm), [[re =1, acz®, nez,
k=n k=n

(Eq. 10.4.1)
where f(k) is any function of k.

10.5 Floor, ceiling and sawtooth functions

The floor, ceiling, and sawtooth functions are fun-
damental mathematical tools, particularly useful for
operations involving rounding and modular arith-
metic. In this subsection, we introduce these func-
tions and explore some of their key properties.

We begin with the floor function, which rounds a
number down to the nearest integer. For example:

[1.3] =1, [2.7] =2,

3] =3,  [-3.4] = 4.

The graph of the |n] is shown below:

2F ——
1+ ——o0
0 O n
1k o —
— [n]
-2h ——— i i i
-3 -2 -1 0 1 2 3

Fig. 10.5.1: The floor function |n|

This graph resembles a set of steps, which is why
the floor function is sometimes referred to as a "step
function." However, it is not technically a step func-
tion because it involves an infinite number of inter-
vals, or "steps."

The formal definition of the floor function is given
by:

In| =maz{m € Z|m <n}. (Eq. 10.5.1)

Next, we present the ceiling function, which effec-
tively rounds a number up to the nearest integer.
This is illustrated as follows:

0.8]=1, [12]=2,

[—4.6] = —4.

The plot of [n] is displayed below:

2F o———-o
1k
0 o n
-1k o—e
— [n]
-2 l—» L L L L
-3 -2 -1 0 1 2 3

Fig. 10.5.2: The ceiling function [n]

This plot differs slightly from that of the floor
function. Notably, it is shifted one unit to the left
or one unit upward. The filled-in dots on the graph
align with the integers on the line f(n) = n, as both
the floor and ceiling functions return integer values
at these instances.

The ceiling function is formally defined as:

[n] =min{m € Z|m > n}. (Eq. 10.5.2)
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Lastly, we introduce the sawtooth function, also
known as the fractional part of a number. It is de-
fined as:

fn}=n~ln],

This definition is intuitive since every number has
an integer and a fractional part, which are summed
together to make up that number. Therefore, the
sawtooth function is the difference between n and
[n], a number that is always between 0 and 1. The
following examples help to grasp this concept:

neR. (Eq. 10.5.3)

(5.7} =5.7— 57| =5.7—5=0.7,
{6})=6-16/=6-6=0,

{=0.2} =—02—[-0.2] = 02— (-1) =

{-3.9}=—-39—|-39]=-39—(—4) =

The sawtooth function is named like that because
its graph resembles the sharp, jagged edge of a saw:

e

— {n}

-2h . . . . .
-3 -2 -1 0 1 2 3

2F

Fig. 10.5.3: The sawtooth function {n}

With a basic understanding of these functions, we
can now discuss a few key properties [12]. For any
real number x and integer n, the following identities
hold:

l[x+n]=|z]+n (Eq. 10.5.4)
[x+n]|=[z]+npzeR, neZ. (Eq. 10.5.5)
{z+n}={z} (Eq. 10.5.6)

The first two equations indicate that adding an in-
teger to a number does not affect the result when ap-
plying the floor or ceiling functions, since the integer
can be factored out. The third equation shows that
the fractional part of a number remains unchanged
by adding an integer to it.

There is also a connection to modular arithmetic:

xmodyxy{xJ, zeR, yeR".
Y

(Eq. 10.5.7)
Additionally, for z,y € R, we have:
]+ yl < lz+yl <lz]+w]+1, =zyeR,
(Eq. 10.5.8)
2] + [yl =1 < [z +y] < [z]+[y], =,ycR.
(Eq. 10.5.9)

These properties constrain the sum of the floor or
ceiling of two numbers within the sum of their indi-
vidual floors or ceilings, plus or minus one. Although
these specific properties are not used in this paper,
they are included for future reference.

Moreover, the floor, ceiling, and sawtooth func-

tions are idempotent!:
2] = =] (Eq. 10.5.10)
[[2]] = [2] ; z €R. (Eq. 10.5.11)
{{z}} = {=} (Eq. 10.5.12)

Interestingly, negating the argument of these func-
tions switches the floor and ceiling while changing
the sign:

(Eq. 10.5.13)

This property can be visualized by reflecting the
graph of the ceiling function (as shown in Fig. 10.5.2)
on its vertical axis and then on its horizontal axis.
This geometric perspective helps to intuitively un-
derstand the relationship between the floor and ceil-
ing functions.

For the last set of properties, we will present a

modified foundational function from Part 1. It is
defined as follows:
0, neZz
= = ’ Eq. 10.5.14
Q{n} = Q({n)) {17 Nog.  (Fa 10510

Coincidentally, this function is equivalent to the
expression |—{n}] Using it, we can express the fol-
lowing identities:

lz] + -] = —Q{z} (Eq. 10.5.15)
[z] + [-2] =Q{z} p 2 €R. (Eq. 10.5.16)
{a} +{—2} = Q{z} (Eq. 10.5.17)

This concludes our discussion of the floor, ceiling,
and sawtooth functions. As all F.F. are derived from
these basic functions, they serve as the foundational
building blocks of this study, making a rigorous ex-
ploration of their properties essential.

10.6 Modular arithmetic

Modular arithmetic [13] is a system of arithmetic
where numbers "wrap around" upon reaching a spe-
cific value, known as the modulus. This concept was
formalized by Carl Friedrich Gauss in his book Dis-
quisitiones Arithmeticae, published in 1801.

A common example of modular arithmetic is the
12-hour clock. In this system, time is divided into
two 12-hour periods. For instance, if it is currently
7:00, then 8 hours later it will be 3:00. While

ITIdempotence was briefly mentioned in Subsection 5.4. In
this context, taking the floor of |z] is equal to |z ], as iterated
in Eq. 10.5.10.


https://arxiv.org/abs/2403.09581

EXPANSION TO MULTIFACTORIALS AND THE OMNIFACTORIAL 45

straightforward addition yields 74 8 = 15, the clock
"wraps around" every 12 hours, so 15:00 is inter-
preted as 3:00. This relationship can be expressed as
15 = 3 mod 12, which means that 7+ 8 = 3 mod 12.

Similarly, an 8-hour period can be represented as
8:00, and doubling this period gives 16:00, which
is 4:00 on the clock face. This can be written as
2 x 8 = 4 mod 12. The symbol "=" denotes equiv-
alence in modular arithmetic, which indicates that
two quantities are congruent modulo a given value
rather than being strictly equal in the traditional
sense.

Consider the following examples:

In mod 10: 36 =26 =16=6,
In mod 12: 50=38=26=14=2,
Inmod2: 14=30=2=0, 11=51=3=1,
= Inmod 2: evenn =0, oddn=1.

In these examples, we observe that modular op-
erations often yield results of 0. Generally, for any
integer n and positive integer m, if n is divisible by
m, the result of the modular operation is zero:

nmodm =0, m, EEZ"', nezg.
m
(Eq. 10.6.1)
Modular arithmetic can also be extended to neg-

ative values, which is necessary for the purposes of
this paper. Here are a few examples:

Inmod5: 15=10=5=0=-5=-10,
Inmod2: 1=-1=-3, 4=0=-6=—18,
Inmod 10: 16=6=—-4=—-14=-24,
Inmod12: 14=2=-10= —-22= —34.

To conclude, we will analyze a specific expression
related to modular arithmetic that is introduced in
Subsection 7.4. This expression is always an integer
and is defined as:

n —n mod m

fln,m) = ————+1,

neZ. (Eq. 10.6.2)
m

The function f(n,m) is temporarily named for
convenience in this discussion. Note that m is al-
ways a natural number in the context of this paper.

To better understand why f(n,m) is an integer,
we can simplify it by temporarily omitting the +1,
as it does not affect the integer nature of the result.

For m = 1, the expression simplifies to:

— d1
f(ml)—lz%:n7

nez.
(Eq. 10.6.3)
Here, n mod 1 represents the fractional part of n.
Since n mod 1 = 0 for integer n, this term simplifies
and does not appear in the equation above.
For m = 2, the expression becomes:

— d2 d2
f(n,2)—1:n 7 MO :E_nm2o nez.

2 2
(Eq. 10.6.4)

To determine whether f(n,2) € Z, we can exam-
ine two cases based on whether n is even or odd. For
even n, let n = 2k, and for odd n, let n = 2k + 1,
where k € Z.

Substituting these into f(n,2) results in:

2k — (2k) mod 2 2k —0
2 2
2k+1—(2k+1)mod2 2k+1-1
2 o 2 -

k

k.

In both cases, the result is k, which is an integer.
Specifically, 2k mod 2 = 0 for even n, and for odd n,
(2k+1) mod 2 = 1.

For the general case, where n = mk+1[ and [ is an
integer between 0 and m — 1, we have:

mk +1— (mk+1)modm mk+1—-1

m m

k.

Thus, f(n,m) is always an integer for any integer
n. This property is crucial because in Subsection 7.4,
we define n(n) as (—1)/(™™) for negative integers,
and this function is required to produce real num-
bers.

As a final consideration, let’s explore the scenario
where n is a real number rather than an integer. In
this case, the expression n = mk + [ would result
in the variable [ being a real number, falling within
the interval [0, n). Upon performing the same calcu-
lations as in the previous example, we observe that
the outcome remains unchanged. Consequently, the
function f(n,m) is well-defined for all n € R.
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